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Abstract. The counterparts of the Urysohn universal space in 
category of metric spaces and the Gurarii space in category of Ba- 
nach spaces are constructed for separable valued Abelian groups of 
fixed (finite) exponents (and for valued groups of similar type) and 
their uniqueness is established. Geometry of these groups, denoted 
by Gr{N), is investigated and it is shown that each of Gr(A^)'s is 
homeomorphic to the Hilbert space P. Those of Gr(A^)'s which 
are Urysohn as metric spaces are recognized. 'Linear-like' struc- 
tures on Gr{N) are studied and it is proved that every separable 
metrizable topological vector space may be enlarged to (5^(0) with 
a 'linear-like' structure which extends the linear structure of the 
given space. 
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1. Introduction 

In several branches of mathematics, such as metric space theory or 
functional analysis, there are known examples of the so-called univer- 
sal spaces. Probably the most famous example in this subject is the 
Banach space C([0, 1]) of all real- valued continuous functions on [0, 1] 
which is universal for separable normed vector spaces (over M) as well 
as for separable metric spaces. Here universality means that every 
separable normed vector space (respectively separable metric space) 
is isometrically-linearly isomorphic (repsectively isometric) to a linear 
subspace (to a subset) of C([0, 1]). This is known as the Banach-Mazur 
theorem. Undoubtedly, the 'concreteness' of the universal space in 
this theorem merits its fame. However, it is no so easy to character- 
ize C([0, 1]) among Banach (or metric) spaces. There is also a general 
idea, in the spirit of Frai'sse limits, of constructing universal spaces 
which are sumiltaneously uniquely determined by certain conditions 
related to the so-called universal disposition property (see below; with 
this terminology we follow e.g. Wieslaw Kubis). Surely, the first ex- 
ample of a universal space of this kind was given by Urysohn [24, 25]. 
The Urysohn universal metric space, usually denoted by U, is a unique 
(up to isometry) separable complete metric space which has universal 
disposition property for finite metric spaces. That is: 
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Every isometric map of a subset of a finite metric space 
X into U is extendable to an isometric map of the whole 
space X into U. 

There is also a bounded version of U. It may be defined in the following 
way. A metric space X is said to be Urysohn iff 

(UO) X is separable and complete, 

(Ul) (universality) every separable metric space of diameter no greater 
than the diameter of X is isometrically embeddable into X, 

(U2) (tu-homogeneity) every isometry between two arbitrary finite sub- 
sets of X is extendable to an isometry of X onto X. 

A fundamental result on Urysohn spaces states that for every r e [0, oo] 
there is a unique (up to isometry) Urysohn metric space (denoted by 
Ur) of diameter r. It is also easily shown that is uniquely determined 
(among separable complete metric spaces of diameter no greater than 
r) by universal disposition property for finite metric spaces of diameter 
no greater than r. 

If we pass from the category of metric spaces to Banach spaces, 
universal disposition property may be defined as follows (cf. [8]). A 
Banach space E is said to have universal disposition property (for finite 
dimensional Banach spaces) iff every isometric linear map of a linear 
subspace of a finite dimensional Banach space F into E is extendable to 
an isometric linear map of F into E. Gurarii [8] has proved that there 
is no separable Banach space with universal disposition property In 
the same paper he has constructed a separable Banach space G, which 
is nowadays called the Gurarii space, with almost universal disposition 
property defined in the following way (the same space was also built by 
Lazar and Lindenstrauss [11] in a different context): 

Every isometric linear map ip: E ^ G of a linear sub- 
space E of a finite dimensional Banach space F admits 
a linear extension -0: F — )■ G such that (1 — £)||a;|| ^ 

^ (1 + ^)\\^\\ foT all X & F where e is an arbi- 
trarily given real number from (0, 1). 

Gurarii has also shown that G is universal for separable Banach spaces 
(i.e. that every separable Banach space admits an isometric linear 
embedding into G). It was Lusky [12] who first proved the uniqueness of 
G up to isometric linear isomorphism (other proof of the uniqueness is 
contained in [13]; the proof which involves the back-and-forth technique 
was given by Solecki [20]). Thus, the Gurarii space is a unique separable 
Banach space with almost universal disposition property. 

There is a striking resemblance between (almost) universal disposi- 
tion properties of U and G. In a sense, both these spaces correspond 
to each other in categories of metric spaces and Banach spaces. The 
aim of this paper is to prove the existence (together with uniqueness) 
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of a universal (in the sense of embedding by isometric group homomor- 
phisms) group with universal disposition property (for finite groups) in 
the class (and some of their subclasses) of all separable valued Abelian 
groups of class Oq, defined by the following condition: 

A valued Abelian group {G, +,p) is said to be of class 
Co iff lim„^oo ^ = for every a E G. 
(In particular, if p is a value on an Abelian group (G, +), then each 
of the valued groups (G, +, min(p, 1)), (G, +, ^) and (G, +,]?") for 
< q; < 1 is of class Oq.) What we exactly mean is explained below. 

Denote by (S the class of all separable valued Abelian groups. Let 
^oo(O) and &i{0) stand for the classes of all groups {G,+,p) G C5 of 
class Oq and, respectively, for which p ^ 1. Note that ©i(0) C (Soo(O). 
Additionally, for natural > 1 let 600 (^) (c <Soo(0)) consist of all 
groups (G,+,p) e 05 of exponent N. Finally, put (3i{N) = 0i(O) n 

We say a function u : [0, 00) — )■ [0, 00) is a modulus of continuity iff 
{cul) uj is monotone increasing, that is, uj{x) ^ oj{y) provided ^ a; ^ 

{(jj2) u{x + y) ^ uj{x) + uj{y) for any x,y ^ 0, 
{uj3) lim(„^o+ ^{t) = <^(0) = 0. 

(Observe that we allow the zero function to be a modulus of continuity.) 
The main two results of the paper are: 

1.1. Theorem. Let r e {l.oo} and N G {0,2,3,4,...}. There is 
a unique (up to isometric group isomorphism) valued Abelian group, 
denoted by Gr{N), with the following three properties: 

(Gl) Gr{N) is complete and Gr{N) e <5r{N), 

(G2) whenever {H, +, q) is a finite Abelian group (of exponent N, pro- 
vided N ^ 0) with q ^ r, K is a subgroup of H and ip: K ^ 
Gr{N) is an isometric group homomorphism, then for every e G 
(0, 1) there is a group homomorphism Lp^: H Gr(A^) such that 

maxp((^(a;) — ^e{x)) ^ e 

and 

(1-1) (1 - e)q{y) ^ p{if,{y)) ^ (1 + e)q{y) 

for y E H , where p is the value of Gr{N), 
(G3) if N = 0, finite rank elements of Gr{N) form a dense subset of 

Gr{N). 

1.2. Theorem. Let r G {1, 00} and N G {0, 2, 3, 4, . . .} and let p stand 
for the value ofGr{N). 

(A) Let {H, +, g) G &r{N), K be a closed subgroup of H and ip: K ^ 
Gr{N) be a continuous group homomorphism whose range has 
compact closure in Gr{N). 
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(i) There are moduli of continuity cu ^ 0, g ^ and r such that 
for each x & K, 



If ip is open as a map of K onto f{K), the above r may he 
chosen nonzero. 

(ii) For every modulus of continuity w ^ such that (1-2) is 
fulfilled for all x & K there is a continuous group homomor- 
phism ipoj - H ^ Gr{N) expending ip and satisfying (1-2) for 
each X & H with (p replaced by (p^,, and such that kerip^^ — 
kerip and whenever (1-3) and (u-g-r) are fulfilled for t and 
g ^ (and x E K), then (1-3) is satisfied for any x & H 
with (p replaced by ip,^. 
In particular, if (p is isometric, it admits an extension being an 
isometric group homomorphism. 
(B) Every (topological) isomorphism between two compact subgroups of 
Gr(A^) is extendable to an automorphism of the topological group 
Gr{N). What is more, if K is a compact subgroup of Gr{N), 
(p: K ^ GriN) is a group homomorphism, uj ^ and r ^ are 
moduli of continuity such that {u-r-id) and (r-cj-id) are fulfilled 
(where id denotes the identity map on [0, oo) ) and for each x G K, 

(1-4) p{ip{x)) ^ {uj o p)[x) and p{x) ^ {r o p)(^p(^x)), 

then there is a group automorphism ip : Gr(A^) — ?■ Gr{N) extending 
(p such that (1-4) is satisfied for each x e Gr(A^) with ip replaced 
by il). 

In particular, if </? is isometric, it admits an extension being an 
isometric automorphism. 

Note that the point (G2) (in the statement of Theorem 1.1) is a coun- 
terpart of the condition, proposed by Solecki [20], which characterizes 
the above mentioned Gurarii space up to isometric hnear isomorphism. 
Observe also that (G3) is quite natural, since (G2) refers only to finite 
rank elements of the group. 

Theorem 1.2 imphes that every member of (3r{N) admits an em- 
bedding to Gr(A^) by an isometric group homomorphism and that in 
condition (G2) one may substitute e = 0, that is, Gr{N) has universal 
disposition property for finite groups of class (3r{N). 

We shall also show that the group Gr{N) as a metric space is uni- 
versal for separable metric spaces of diameter no greater than r, that 



(1-2) 



p{^{x)) ^ (wog)(x). 



(1-3) 



r(distq(a;, ker y?)) ^ {g o p)(^(p(^x)) 




UNIVERSAL VALUED ABELIAN GROUPS 



5 



is, that every such space is isometrically embeddable into the metric 
space Gr{N). It turns out that Gr{N) (as a metric space) is Urysohn 
iff e {0,2}. In particular, the groups Gr(2) are Boolean Urysohn 
groups introduced by us in [17]. What is more, for different pairs {N, r) 
and (M, s) the metric spaces Gr{N) and Gs(M) arc isometric iff r = s 
and {N,M} = {0,2}. Also all the groups Gr{N) are pairwise noniso- 
morphic as topological groups. 

In Section 8 we prove that each of the topological spaces Gr{N) is 
homeomorphic to the Hilbert space P. To establish this result we de- 
velop our earlier study of the so-called topological pseudovector groups, 
introduced in [18]. Namely, a pseudovector Abelian group is a triple 
(G, +, *) such that {G,+) is an Abelian group, is an action of 
[0, oo) on G satisfying the following axioms: * a; = 0^, 1 * x = x, 
{st) * X = s * {t * x) for all X & G and s, t ^ 0, and for every t ^ 
the function G3x^t*x&Gisa. group homomorphism. If, in 
addition, G is a topological group, it is said to be a topological pseu- 
dovector group provided the action as a function of [0, oo) x G into 
G, is continuous. A value p on the pseudovector Abelian group G is 
called a norm if p{t * x) = tp{x) for any t ^ and x E G, and it 
is called a subnorm iff p{x) ^ p{s * x) ^ sp{x) for each s ^ 1 and 
X E G. If a (sub) norm p induces the topology on G with respect 
to which the action is continuous, then the quadruple {G,+,*,p) 
is called a (sub)normed topological pseudovector group. In Section 7 
we show that every metrizable topological pseudovector group admits 
a subnorm inducing its topology. The main result on pseudovector 
structures of Gr{N) is the following 

1.3. Theorem. Let r e {1, oo} and N e {0, 2, 3, 4, . . .}. Every non- 
trivial (suh)normed topological pseudovector group {G, +, *, \\ ■ \\g) such 
that (G, +, II ■ IIg) G &riN) may be enlarged to a (sub)normed pseu- 
dovector topological group {G, +, *, \\ ■ \\) such that the valued groups G 
and Gr{N) are isometrically group isomorphic. 

In the above result one may erase the word 'nontrivial' provided that 
r = oo or the final value [| ■ [| has to be a subnorm rather than a norm. As 
a main application of the above result we obtain the above mentioned 
theorem which says that G,.(iV) is homeomorphic to P. (This result 
may be immediately deduced for = 0, 2 from the fact that the metric 
spaces Gr{N) with iV = 0, 2 are Urysohn and from Uspenskij's theorem 
[28] on the topology of the Urysohn space.) 

The proof of the existence of the groups Gr{N) is based on the gen- 
eral technique of Frai'sse limits. First we construct a countable valued 
Abelian group QGr{N), a counterpart of the so-called rational Urysohn 
metric space, and then we prove that its completion is the group we 
search for. Although this approach is just an adaptation of the original 
construction of the Urysohn space U described in [24, 25], the details 
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are more complicated, mainly because finite groups admit no one-point 
extensions, in the opposite to finite metric spaces. The unusual prop- 
erty of compact subgroups of Gr{N), formulated in Theorem 1.2, cor- 
responds to Huhunaisvili's theorem [9] for compact subsets of U (which 
says that every isometry between two compact subsets of U is extend- 
able to an isometry of U onto itself). It is not so strong for iV 7^ 0, 
since every compact metric Abelian group of finite exponent is totally 
disconnected. In contrast, G', (0) contains a copy of every metrizable 
compact Abelian group, among which one may find groups which are 
universal (in the sense of topological embedding), as topological spa- 
ces, for separable metrizable topological spaces, such as the countable 
infinite Cartesian power of M/Z. 

There are known examples of the so-called universal Polish groups, 
that is, of completely metrizable separable (non-Abelian) topological 
groups G such that every Polish group is isomorphic (as a topological 
group) to a closed subgroup of G. For example, Uspenskij have shown 
that the homeomorphism group of the Hilbert cube [26] as well as the 
isometry group of the Urysohn universal metric space [27] are (noniso- 
morphic) universal Polish groups (cf. Remark just after Theorem 5.2 
of [15]). In the opposite to this, the author knows no example of a 
universal Polish Abelian group (i.e. a Polish Abelian group which is 
universal for Polish Abelian groups). In this paper we give two such 
examples: Gi(0) and Goo(O). (Both these valued groups are of course 
'metrically' universal for separable valued Abelian groups with values 
bounded by 1.) 

The part on pseudovector structures extends our earlier (introduc- 
tory) work [18] in this subject. The proofs presented here are quite 
new and much more general. Theorem 1.3 generalizes and strengthens 
Theorem 4.3 of [18]. Since every norm on a nontrivial pseudovector 
group is unbounded, to equip the groups Gi(A^) with 'normed-like' 
pseudovector structures we have to extend the notion of a norm to 
a subnorm, which is done in the recent paper. It seems to be inter- 
esting whether one may distinguish a special subnormed topological 
pseudovector structure on <Gr{N) which will make this group univer- 
sal for subnormed topological pseudovector groups of 'C5r(A^)-like' class 
(this cannot be infered from Theorem 1.3). The one idea is to define 
a counterpart of the Gurarii space for pseudovector groups of suitable 
class (this is discussed in details in Section 9). We do not know yet 
whether such a pseudovector group, denoted by PVGr(iV), exists and 
we leave this as an open problem. However, we prove that if it only 
exists, it has to be isometrically group isomorphic to Gr{N) and that 
¥YGr{N) as a PV group is unique up to isometric linear isomorphism. 
What is more, every subnormed topological PV group of suitable class 
(to which FYGr{N) belongs) is embeddable into FYGr{N) by means 
of a isometric linear homomorphism. 
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For well understanding of this exposition it is enough to know basic 
facts on metrizable and valued Abelian groups, e.g. the material of 
Chapter 1 of [2]. The reader interested in Urysohn universal space is 
referred to a survey article on the subject [15] or to [5], [10], [24, 25]. 

Notation and terminology. In this paper R, Q and Z stand for 

the sets of all real, all rational and, respectively, all integer numbers. 
The symbol 'id' is reserved to denote the identity map. All groups are 
Abelian and we use the additive notation. For simplicity, the action 
of any group is always denoted by (the same sign) '+' and its neutral 
element is denoted by 0. If G is a group, a E G and /c G Z, the value 
at /c of a unique group homomorphism of Z into G which sends 1 to 
a is denoted by fca or /c • a. The group G is said to be of exponent N 
(where AT e Z, ^ 2) iff AT • x = for any x e G. The subgroup of G 
consisting of all finite rank elements of G is denoted by 

For s, t G [0, oo] let s /\t and s V t stand for the minimum and the 
maximum of s and t (respectively). Similarly, if / is a real- valued 
function and i G [0, oo], / A t is a function with the same domain as / 
and {f At){x) — f{x)At. In a similar manner we define /Vi, and f Ag 
and f V g for two real- valued functions / and g with common domain. 



A value on a group G is a function p: G ^ [0, oo) such that for any 

x,y eG, 



If in the above the condition (VI) is replaced by 'p(O) = 0', p is called 
a semivalue. Every value p on G induces an invariant metric G x G 3 
{x, y) I—)- p{x — y) G [0, oo). The topology induced by the value p is the 
topology induced by the latter metric. So, we may speak of a separable, 
complete, compact (etc.) valued group. Two values on a group are 
equivalent iff they induce the same topology. A value on a topological 
group is said to be compatible if it induces the given topology of the 
group. By 6g we denote the discrete value on G defined by Scig) = 1 
for g G G\{0}. For two valued groups (G, +,p) and (G', +,p') we shall 
write {G',+,p') D (G, -|-,p) iff G C G', p' extends p and the addition 
of G' extends the addition of G. If this happens, we say that (G, +,p) 
is enlarged to {G',+,p'). 

Subgroups need not be closed. A subgroup generated by a sub- 
set ^4 of a group G is denoted by (^4). We write (ai, . . . , a„) instead 
of ({oi, . . . , an})- If ^: G — )■ if is a homomorphism between valued 
groups (G, +,p) and {H,+,q), we use the term a group homomor- 
phism to underline that we make no additional assumptions on the 
topological behavior of ip. The group homomorphism is isometric 
if q{ip{x)) — p{x) for each x G G. Adapting terminology of func- 
tional analysis, we say ip is e-almost isometric with e G (0, 1) provided 




(V2) p{—x) = p{x), 

( V3) p{x + y) ^ p{x) + p{y) . 
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(1 — e)p{x) ^ Qi'ipix)) ^ (1 + e)p{x) for every x G G (compare with 



The classes 6 and 0r{N) (with r e {l,oo} and e Z+ \ {!}) 
have the same meaning as in Introduction. A metric space (X, d) is 
said to be topologically (respectively metrically) universal for a class 
of metric spaces provided every member of the class is homeomorphic 
(respectively isometric) to a subset of X. 

Whenever / and g arc two real- valued functions defined on a common 
nonempty domain, the suprcmum distance (g [0,oo]) of / and g is 
denoted by ||/ — g\\oo- Similarly, if / and g take values in a valued 
group (G, +,p) and there is no danger of confusion, we shall also write 
11/ ^ 5'||oo foi' the supremum distance of / and g induced by p. The 
diameter of a metric space (X, d) is denoted by diamX or diam(X, d). 
When {G, +,p) is a valued group, we shall also write diam(G',j9). 

For any subset ^4 of R let stand for the set A fl [0, oo). In partic- 
ular, R+ = [0, oo) and Z+ = {0, 1, 2, 3, . . .}. For two integers k and I 
we write k\l if k divides / (i.e. if / = mk for some m e Z). Notice that 



The results of this section will be used later. To make the paper 
better organized, the section is divided into parts. In some of results 
we will deal with values on groups which takes values in a subset Q of 

M such that: 

(2-1) Q+ is dense in M+, e Q and Q+ + Q+ <Z Q. 
Such considerations will find applications in next sections. 

2A. Boundedness. Denote by Q the set of all moduli of continuity, 
that is, all functions (including the zero one) satisfying conditions (ool)- 
{u)3). Additionally, let Q* = Q \ {0}. Note that whenever u e Q* and 
p is a (semi-) value on a group G, so is a; o p and if g is a semi value on 
G such that 

(2-2) q^^LOop, 

then q is continuous with respect to p. However, it may turn out that 
for some continuous (with respect to p) semivalue q there is no a; e 
witnessing (2-2) (for example, this happens if p is bounded and q is 
not, e.g. p = qAl). So, the condition (2-2) is stronger than continuity. 
Whenever it is fulfilled for some u E Q*. wc say that q is p-hounded. 
With every group homomorphism tp: {G,+,p) — )■ (G', +,]?') we may 
associate a semivalue p^ on G: p^ — p' o ip. It is easily seen that ip is 
continuous iff p^ is continuous (with respect to p). We say that ijj is 
bounded iff p^ is p-bounded. That is: 



(1-1))- 



k\0 for each k e Z and 01/ iff / = 0. 



2. Preliminaries 



ijj is bounded 
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The following are left as exercises. Some of them are quite easy, other 
are well-known results of real analysis: 

(MCI) For every u E Q there is a finite limit lima;_^co and it is 

equal to inf a;>o . 
(MC2) liu,T e n, thenl; o r G 

(MC3) Every w G f2 is uniformly continuous, and uj~^{{0}) — {0} 
provided cu ^ 0. 

(MC4) U u e 9,* and {xn)n=i C M+, then lim„_^oo w(a;„) = <^ 
limjj_^QQ — 0. 

For each r G [0, oo) denote by Jl^ the set of all a; G such that 
limj;_^oo ^ r (cf. (MCI)). For us, the set is of great importance. 

2.1. Example. Every bounded modulus of continuity belongs to Qq. 
If u E Q and r G f2o, then u o t,t o u G Qq. The following functions 
are members of f^o: x t-^ x A 1, x and x i— )■ a;" (0 < a < 1). 

The next result is well-known. It is a variation of [1, §1, Theorem 1]. 
We shall use it to characterize bounded group homomorphisms. 

2.2. Lemma. For a function f : 1R+ M+ the following conditions are 

equivalent: 

(i) there is u E Q such that f ^ u), 

(ii) lim sup2,_j.Q+ f{x) = /(O) = and 



What is more, if (ii) is fulfilled [and f is bounded by M], there is 
ijj G Jl2r- [bounded by M] such that f ^ oo. 

As an immediate consequence of Lemma 2.2 we obtain 

2.3. Proposition. Letip: (G, +,p) — )■ {G',+,p') be a group homomor- 
phism and let 



/: M+ 9 C ^ sup{p'{ij{x)) : xeG, p{x) ^ G [0, oo]. 

Then: 



(a) ip is continuous iff \imi^Q+ f{t) = 0, 

(b) is bounded ifflimf^Q+ f(t) — and limsup^.^,^ ^ < oo. 

2.4. Corollary. Ifip: {G,+,p) {G',+,p') is a continuous group ho- 
momorphism such that the set ip{G) is bounded in the metric space 
{G',p'), then ip is bounded. 

2.5. CorollEiry. A group homomorphism ■0: {G,+,p) — >■ {G\+,p') is 
continuous iff there are a;, r G Jl* such that Top'oip^ujop. 

Proof. Sufficiency is clear (thanks to (MC4)). To prove the necessity, 
put T{t) — t Al and apply Lemma 2.2 for suitable /: R+ — >^ [0, 1]. □ 



r := lim sup 



sup/([0,2«]) 



< oo. 
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2B. Extending a value. 

2.6. Lemma. Let Q he as in (2-1). Let {D, +, A) he a finite valued group 
and Dq its suhgroup such that \ {Dq) C Q. Then for every e > there is 
a value X on D extending A|^^ such that X{D) C Q and ||A — A||oo ^ £• 
What is more, if X ^ 1, then A ^ 1. 

Proof. We may assume that e e (0, 1). For h e Dq let A'(/i) = and 
for h e D \ Do let X\h) e [0,£] be such that X'{-h) = X'{h) and 
X{h) + X'{h) eQ. For X e D put 

n n 

X{x) = mi{^{X{hj) + X'{hj)) : n ^ 1, hi, . . . ,hn E D, x = ^ hj}. 

j=l 3=1 

It is easily seen that A is a value on D such that A ^ A ^ A + A'. This 
yields that ||A — A||oo ^ ^ and A = A on Dq. Further, since D is finite, 
the infimum in the formula for X{x) is reached and therefore X{D) C Q. 
Finally if A ^ 1, take M e Q n [1 - £, 1] such that X{Dq) C [0, M] and 
replace A by A A M. □ 

2.7. Lemma. Let r G {l,oo}. Let {D,+,X) be a valued group with 
X ^ r, Do its closed subgroup, Aq a semivalue on Do and let uj & D,* 
be such that Aq ^ (a; o A)|^^. Then there is a semivalue X on D which 
extends Aq and satisfies the following conditions: 

(a) X ^ u o X, 

(b) A'i({0}) = Ao^({0}); m particular: X is a value provided so is Aq, 

(c) if Xo ^ r, then X^r, 

(d) if Xo is a value equivalent to A|^^, then X is equivalent to X, 

(e) if for some t, g & with g ^ and {uj-g-r) one has 

T{dist^{h,Xo\m))^{goXo){h) 
for every h e Do, thenT{distx{x, Xo^{{0}))) ^ {goX){x) for x e D. 
Proof. For x E D put 

A(a;) = inf{(a; o A)(a; - ^) + Xo{h) : h G Dq}. 

Further, if Aq ^ r, replace A by A A r. One easily verifies that A 
is a semivalue extending Aq which satisfies (a) and (d). The point 
(b) follows from the closcdncss of Dq. Wc shall only show (e). For 
simplicity, put q{x) = distA(x, Aq ""^({O})) (x E D). Thanks to the 
continuity of g, it suffices to check that (r o q){x) ^ g{{uj o A)(,x — h) + 
Xo{h)) lor X E D and h E Dq (the second condition in {oj-g-r) allows 
us to replace A by A A r). But (r o q){x) ^ {t o X){x — h) -\- {g o Xo){h) 
and hence it is enough to show that 

(r oX){x-h) + {go Xo)ih) ^ g{{uj o X){x - h) + Ao(/i)), 

which is the first condition in (uu-g-T) with t — X{x — h) and s — 
Xo{h). □ 
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2.8. Example. Let cuq, Qq G fl*, Tq E Q and r G {1, oo}. Put ou — 
^0 V To, g — Qo + id and t — Tq A g{r) {g{oo) limt_^oo git))- Then 
uj, g and r are moduli of continuity such that r ^ tq, go ^ g, ujq ^ uj 
and (u-g-r) is fulfilled. The example shows that we may always replace 
moduli of continuity appearing in the inequalities in points (a) and (e) 
of Lemma 2.7 by other moduli in such a way that these inequalities are 
still satisfied and the strange condition (u-g-r) is fulfilled. 



2C. The class Oq. We call a group of class Ofin ifi^ every its element 
has finite rank. That is, G is of class Ofin if G = G fin- 

Let [G, +,p) be an arbitrary valued group and x its element. Since 
the sequence a„ := p{nx) (n ^ 1) satisfies the condition 

an+m^an + am (n,m^l), 

the sequence {^)^=i has finite limit and hm„_).oo ^ = inf„^i Put 
Po*:G^ R+, 

Po^{x) = hm . 

n-J-oo n 

Observe that po* is a semivalue on G such that po* ^ p. Thus po* is 
p-bounded and hence the set Go* = Po*{{^}) is a closed subgroup of 
(G, Let G' be the quotient group G/Gq* equipped with the value 

p' (naturally) induced by po*- Observe that 

(2-3) p'ikx) = \k\p'{x) 

for every x e G' and A; e Z and hence p'q^ = p'. 

We say the valued group (G, -|-,p) is of class Oq iff Go* = G or, 
equivalently, if po* = 0. It is of class Ooo iff Po* = P (that is, if (2-3) is 
fulfilled with p' replaced by p). Finally, (G, +,p) is of class Oi iff po* 
is a value on G or, equivalently, if Go* is trivial. Note that Ooo C Oi. 

We begin with an interesting characterization of members of the 
above mentioned classes. 

Making use of (2-3) and repeating the proof of the Hahn-Banach 
theorem one easily gets 

2.9. Lemma. Let {G,+,p) be a valued group. 

(A) If ip: G ^ R is a group homomorphism such that for each x & G, 
(2-4) |V'(x)| ^p(x), 

then \ip{x)\ ^ Po*{x) for every x & G. 

(B) For each a E G there is a group homomorphism : G — >■ R satis- 
fying (2-4) for all X E G such that ip{a) = po*{a). 

Let us call a group homomorphism : G — >■ R satisfying (2-4) non- 
expansive. The above result yields 



2.10. Theorem. Let {G,-\-,p) be a valued group. 
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(I) G is of class Oq iff G admits no nonzero bounded group homo- 
morphisms into Banach spaces. 

(II) G is of class Ooo iffG admits an isometric group homomorphism 

into a Banach space. 
(Ill) G is of class Oi iff G admits a nonexpansive group homomor- 
phism with trivial kernel into a Banach space, iff G admits a 
bounded group homomorphism with trivial kernel into a Banach 
space. 

Proof. (I): Suppose {G. +,p) is of class Oq, {E, || • ||) is a Banach space, 
u & Q and ip: G ^ E is a group homomorphism such that ||'0(x)|| ^ 
(cu o p) (x) for X & G. Then we have 

(2-5) m^) II ^ 1^^^^^ = "^"-"^^ ^ ^ ^ 0. 

n n n 

The inverse implication follows from the point (B) of Lemma 2.9. 

(II) : Assume (G, + ,p) is of class Ooo- Let Z be the set of all nonex- 
pansive group homomorphisms of G into IR and let E be the Banach 
space of all real-valued bounded functions on Z, equipped with the 
supremum norm. For g ^ G lei Cg & E he given by 6^(0 = ^{d)- Then 
the function G 3 g ^ Cg & E is a.n isometric group homomorphism 
(again by Lemma 2.9). The inverse implication is immediate. 

(III) : If {G,+,p) is of class Oi, then (G, -|-,po*) is a valued group 
of class Ooo and thus the assertion follows from (II). Conversely, if 
-0: G — )■ is a bounded group homomorphism of G into a Banach 
space E, (2-5) shows that po*{x) '^^ \\il){x)\\. □ 

2.11. Remark. Theorem 2.10 expresses how far is boundedness from 
continuity: only valued groups of class Oi admit bounded group ho- 
momorphisms with trivial kernels into Banach spaces. In contrast, 

there are valued groups of class Oq which are group isomorphic to Ba- 
nach spaces: if {E, || ■ ||) is a Banach space, then {E, || ■ || A 1) is of class 
Oq. By the way, the latter example shows that membership to any of 
the classes Oq, Oi, O^ is not a topological group invariant. 

Theorem 2.10 also implies that every valued group G has a unique 
closed subgroup H (namely, Gq*) such that H is of class Oq and G/H 
admits a nonexpansive group homomorphism with trivial kernel into a 
Banach space. 

It also follows from Theorem 2.10 and the well-known theorem of 
Banach and Mazur that the Banach space C([0, 1]) of all continuous 
real- valued functions on [0, 1], as a valued group, is universal for sepa- 
rable valued Abelian groups of class Coo- 

From now on, we are only interested in valued groups of class Oq. 
The reader will easily check that every group with bounded value is of 
this class and that Ofin C Oq. It turns out that, in a sense, Oq is the 
'closure' of Ofin. Formally this is formulated in the following 
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2.12. Theorem. A valued group (G, is of class Oq iff it may he 
enlarged to a valued group {G, +,p) such that Gfin is dense in G. 

Proof. The sufficiency is clear, since Gq* is closed and contains G fin- 
To prove the necessity, thanks to transfinite induction, it is enough to 
show that if po*(o) = 0, then for every £ > there is a valued group 
(G, D (G, and b e Gfin such that p{a — b)^e. 
Let N ^ 2he such that 

(2-6) p{na) ^ en for n^ N. 

Take M > such that M ^ p{ja) for j = 1, . . . , N. Let H = (b) be a 
cyclic group of rank N. We identify g & G with {g,0) e G x H —: G. 
Define p : G — )• IR+ by 

p{g, h) = inf{p(5r - ka) + \k\e + MSuikb + h): k eZ}. 

It is clear that p is a value on G such that p{g,0) ^ p{g) for g G G and 
p((a, 0) — (0, b)) ^ e. So, it suffices to show that p{g) ^ p{g, 0), which 
is equivalent to 

(2-7) p{ka) ^ \k\e + MSnikb) 

for /c G Z. We may assume A; 7^ 0. If \k\ ^ iV, (2-7) is covered by 
(2-6). Finally, if < \k\ < N, then p{ka) ^ M = M ■ Snikb) and we 
are done. □ 

Note that if in the above theorem G is separable. G may be con- 
structed to be separable as well and that in that case the proof is 
constructive. It is also easily seen that we may force G to have the 
same diameter as G. 

2.13. Example. Let (G, -|-,p) be a valued group and u G Q*. If G is 

of class Oo or a; G Jlo, then (G, +,u o p) is of class Oq. In particular, 
for every separable valued group (G, +,p), (G, +,p") G C5oo(0) for < 
a < 1 and {G,+,p A 1),{G,+,^) G (»i(0). The value p may be 
reconstruct from each of the values (0 < a < 1) and and since 
p{x) = lima^i- p°'{x) for every x G G, one may say that each valued 
group can be 'approximated' by valued groups of class Oq- It is also 
clear that every metrizable topological group admits a compatible value 
under which it becomes a valued group of class Oq. 

Taking into account Remark 2.11, we see that the image of a valued 
group of class Oq under a continuous group homomorphism need not 
be of class Oq. However, the reader will easily check that 

2.14. Proposition. A subgroup (equipped with the inherited value) and 
the completion of a valued group of class Oq is of class Oq as well. The 
image of a valued group of class Oq under a bounded group homomor- 
phism is of class Oq. 
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2D. Enlarging a finite valued group. A very useful method of 
constructing the Urysohn universal space, introduced by Katetov [10], 
involves the technique of the so-called Katetov maps which correspond 
to one-point extensions of metric spaces. In this part we shall describe 
how to enlarge valued groups by means of these maps. As a corollary 
of the results presented below we shall obtain in the sequel a rather 
surprising result that Gr{N) is Urysohn iS N e {0, 2}. 

Recall that a Katetov map on a metric space (X, d) is a function 
/: X M+ such that \f{x) - f{y)\ ^ d{x,y) ^ f{x) + f{y) for any 
x,y G X. The set of all Katetov maps on X is denoted by E{X). 
Additionally, for r e [0, oo] let Er{X) be the set of all / e E{X) such 
that f{x) ^ r for each x e X, and let E\X) = £'diamx(-^)- Katetov 
maps belonging to E'^{X) are called inner. If A C -B C X, a Katetov 
map f : B ^ IR+ is said to be trivial on A in X iff there is 6 e X such 
that /(a) = d{a, b) for each a & A. The map / is trivial in X ii f is 
trivial on its domain in X. 

A fundamental result on the Urysohn space says that a nonempty 
separable complete metric space X is Urysohn iff every inner Katetov 
map is trivial in X on every finite subset of the space (see e.g. [15]). 

We begin with 

2.15. Proposition. Let {G, +,p) be a valued group of exponent N ^ 3. 
If A <Z G and f e E{A) is trivial in G, then for any ai, . . . ,aN & A, 

N N-l 

(2-8) |p(5]a,)-/(a;v)|^5]/(afc). 

k=l k=l 

Proof. Let x & G he such that /(a) — p{x — a) for a & A. Then, since 
N ■x = 0, 

N N N-l 

IPi^o.k) - /(aiv)l <pC^ak + {x- ajv)) =p(^(afc - x)) ^ 

k=l k=l k=l 

N-l N-l 

< ^P{ak -x) = f{ak). 

k=l k=l 

□ 

2.16. Remark. If (G, +,p) is a valued group of exponent X ^ 3 and / 
is a Katetov map whose domain H is a subgroup of G, then (2-8) is 
equivalent to 

N-l N-l 

(2-9) fi-^^ak) ^'^fiak) for any ai,...,ajv-i e if. 

fe=l k=l 

yN-l 



Indeed, if ai, . . . ,aN-i G H are fixed, then, since — Ylk=i £ H., 



suPa^e// |p(Ef=i - /(«iv)| = /(- T.k=l 
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Our aim is to prove, in a sense, the converse of Proposition 2.15. 
Namely, 

2.17. Theorem. Let r G {0, cx)}, G Z+ \ {1} and let (G',+,p) G 
0riN) be a bounded valued group. Let A be a nonempty subset of G 
and f e Er{A). If N > 2, we assume that f satisfies (2-8) for all 
ai,...,aN G A. Then there is a bounded valued group {G,+,p) G 
0r(A^) such that {G, +,p) D [G, +,p) and f is trivial in G. 

If in addition, Q is as in (2-1), G is finite and p{G) U f{A) C Q, 
the group G may be taken so that it is finite and p{G) C Q. 

Proof First of all observe that (2-8) is fulfilled for any oi, . . . , oat G A 
also when N — 2, because then + a2 — 01 — 02. Note that if 
inf f{A) — 0, then / is trivial in the completion of G, so wc may and 
do assume that c := inf f{A) > 0. Further, let M = supp(G') Vsup f{A) 
(M G Q provided all additional conditions of the theorem are fulfilled; 
/ is bounded because G is so), li N 0, let m — N. Otherwise, take 
m ^ 2 such that m — 1 ^ ^. Let H — (b) be a cyclic group of rank m. 
Put G = G X H. We identify each g G G with {g,0) G G. Let us agree 
that Yl'j=a ~ provided a > b. Define p: G ^ 1R+ by the formula 

n n n 

p{g, h) = inf{p(^ - ^ e^aj) + ^ /(o^) + M5hC^ ^jb - h) : 

j=i j=i j=i 

n^O, ai, . . . ,an e A, £1, G {-1, 1}}. 

It is easy to verify that p is a value. What is more, if all additional 
conditions of the theorem are satisfied, the infimum in the formula for 
p{g, h) is reached and thus p{G) C Q. Observe that p{g, 0) ^ p{g) for 
each g E G and p{a, b) ^ f{a) for a E A. If wc show that in both these 
inequalities one may put the equality sign, the proof will be completed. 
(Indeed, to make then the value p bounded by r, it suffices to replace 
p by p A M.) 

First we will check that p{g, 0) = p{g) for g E G. Equivalently, we 
have to show that 

n n n 

(2-10) J]/(o,.) + M5^(^£,6) ^p(J]5,a,) 

j=i j=i j=i 

for any n ^ 1 (for n = it is clear), Oi, . . . , a„ G A and £1, . . . , G 
{-1, 1}. If Y.]=i^jb 7^ 0, then SH(J2]=i^jb) = 1 and hence (2-10) is 
fulfilled, by the definition of M. Thus we may assume that Yl^=i ^j^ ~ 
0, that is, m\ X^jLi^j- 

If Y^j=i 7^ and = 0, then n ^ | Xl^^i £j \ > m, so YJj=i fi'^j) ^ 
nc ^ mc ^ M ^ P(Z]^=i^j%) consequently (2-10) is fulfilled. 

If E"=i £j and N ^ 0, then m = and E"=i = IN for 
some I G Z \ {0}. This means that, after renumeration of e/s (and 
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a/s), we may assume Ej = l/\l\ for j = 1, . . . , |/|A^ and X]j=|z|Ar+i — 

0. Now making use of (2-8) we infer that Ylk=iPiYl^=(k~i)N+i^j) ^ 

ElS/(«i)- So, iion\jp{Y.'^^\i\N+i^j(^j) < E?=|z|iv+i/(«i), (2-10) will 
be satisfied. This reduces the problem to the case when Yl^=i ~ 
(and N is arbitrary). 

Finally, if Yl^=i — 0; then n is even, say n — 2k, and — after 
renumeration — we may assume Sj — (— 1)''"^ for j = l,...,n. But 
then 

n k 
3=1 j=l 

k n 

^E(/K-i) + /K)) = 5]/(%) 

which finishes the proof of (2-10). Now we pass to proving that p{a, b) — 
f{a) for a & A. This is equivalent to 

n n n 

(2-11) p{a -Y^Sja,) + Y.f{a,) + MdniY^^^h - b) ^ f{a) 
j=i j=i j=i 

for each n ^ and arbitrary G A and Si, . . . ,6n G { — 1, 1}- 

As before, if jy^=i^j^ then, thanks to the definition of M, (2-11) 
is fulfilled. Thus we may assume m\ Yl]=i ~ 1 (so, n > 0). 

If Yl^=i 7^ 1 N = 0, n ^ \ Yl]=i £j| ^ ~ 1 ^ "7- ^-iid hence 
E;=i/(%)^^OM^/(a). 

If Ei=i £j 7^ 1 and TV 7^ 0, then Y.]=i £j = for some / G Z\{0}. 

Then either £1 = = = —1 or at least \l\N of e/s are equal to 
l/\l\. In the first case we get n — \l\N — 1 and, |/| times making use of 
(2-8): 

n n N-l N-l 

p{a + J2 «i) + Yl f^^^^ ^ P(« + X] ^m-i) + fhi\N-j) 
j=l j=l j=l j=l 

N-l N-l 
k=l j=0 j=0 

which gives (2-11). In the second case we may assume, after renumer- 
ation, that Ej = l/\l\ for j = 1, . . . , |/|A^ and Yl^mN+i^j ^ ^- Then, 

again by (2-8), EHiEJ^'o^ f{akN-j) -p(E^i)^ akN-j] > 0. So, if only 
P(« - EJ=|;|jv+i + EJ=|i|^+i /(%) ^ (2-11) will be satisfied. 

This reduces the problem to the case when E^=i^j — 1 (^^d is 
arbitrary) . 
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Finally, when X]j=i — then n is odd, say n = 2k + 1, and (after 
renumeration) Sj = (— l)-'"^. But then 

n n 
j=l 3=1 

k 

+ Xl[/('^2j-i) + f{a2j) -p{a2j - a2j-i)] ^ f{a). 

□ 

In [17] wc have shown that the Urysohn universal metric space U 
admits a (unique) structure of a metric group of exponent 2 (which, 
in fact, will turn out to be isometrically group isomorphic to Goo (2)). 
At the end of [17] we asked (following the referee) whether U admits 
group structures of other exponents. Applying Remark 2.16, below we 
give a partial (negative) answer to this problem. 

2.18. Proposition. There is no nontrivial valued Abelian group of ex- 
ponent 3 which is Urysohn as a metric space. 

Proof. Let (if, +, q) be a nontrivial valued Abehan group. Take h e 

H such that < q{h) < |supg(if) (if there is no such h, then H 
is automatically non-Urysohn). Notice that q{h) = q{—h) = q{h — 
{-h)). Let /: {<d,h,-h] R+ be given by f{h) = f{-h) = lq{h) 
and /(O) = ^q{h). It is easily seen that / is a Katetov map bounded 
by the diameter of H. If / was trivial in H, we would have (by (2-9)) 
/(O) ^f{h) + fi-h), which fails to be true. □ 

We do not know whether it is possible to show, using only (2-9), the 
counterpart of Proposition 2.18 for exponents greater than 3. 

2E. Amalgamation lemmas. In constructions of Praisse hmits, pos- 
sibility of amalgamating (i.e. 'gluing') spaces is the crucial axiom. 
However, only the first of the results stated below will be used for 
this purpose. From now to the end of the section, r G {l,oo} and 
G \ {1} are fixed. To avoid repetitions, let us make the following 
preliminary annotation (which will be used in the proofs of the next 
three lemmas): 

D = {D^x D2)/po 

TT : Di X D2 ^ D the quotient group homomorphism 

ipi: Di 3 X t-^ 7i{x,0) e D 
ip2-- D2 3 y ^7r(0,y) e i) 

Note that below Proposition 2.14 is applied several times without re- 
ferring to it. 



(2-12) 



18 



P. NIEMIEC 



2.19. Lemma. Let {Dj, +, A^) e (S^(iV) (j = 0,1,2) and for j = 1,2 let 
(Pj : Dq — >■ Dj be an isometric group homomorphism. Then there exist 
a valued group {D,+, X) G &r{N) and isometric group homomorphisms 
tpj : Dj ^ D (j = 1,2) such that ip2 ° = i^i ° fi- If, in addition, Q 
is as in (2-1), Di and D2 are finite and \j{Dj) C Q for j = 1, 2, then 
D is finite as well and \{D) C Q. 

Proof. Let Dq = {(<^i(x), —Lp2{x)): x G -Do} C Di x D2 and D, n, ipi 
and ip2 be as in (2-12). Then ■ijj2 o ip2 = ipi ° (fii- Define X: D ^ R_|_ by 
the formula 

A(^) = inf{Ai(a;i) + \2{x2) : {xi,X2) G 7t-\{z})}. 

It is clear that A is a well defined semi value on D. Now put D = 
D / {{0}) and define A, ibi and 1^2 by the rules A o vr = A and ipj = 
fcoipj (j = 1, 2) where tt: D ^ D is the quotient group homomorphism. 
Finally, replace AbyAAlifr = l. We leave this as a simple exercise 
that all assertions are satisfied. □ 

2.20. Lemma. Let (£>!,+, Ai), (L)2, +, A2) G &r{N) be finite valued 
groups and Dq be a subgroup of Di . Let u: Dq ^ D2 and v: Di ^ D2 

be an isometric and, respectively, an e-almost isometric group homo- 
morphism (where e G (0, 1) ) such that 

(2-13) - t;|^J|oo ^ £■ 

Then there are a finite valued group {D, +, A) G &r{N) and isometric 
group homomorphisms Wj : Dj ^ D (j = 1,2) such that Wi\^^ = W20U 
and 

(2-14) \\wi — W2 o v\\^ ^ Ae 

where A = 1 + diam(Di, Ai). 

Proof. Let Dq = {{x, —u{x)) : x G Dq} G DiX D2 and D, it, ipi and ip2 
be as in (2-12). Put D = D and Wj = ipj {j = 1,2). It is easily checked 
that W20u = and D = wi{Di) +W2{D2). Define X: D ^ M_|_ by 

X{z) = vcd{Xi{xi-XQ)+A£5D{wi{xQ)-{w20v){xQ)) + X2{x2+v{xQ)) : 

Xq, Xi G Di, X2 G D2, z = Wi(xi) + ^2(^2)}. 

We see that A is a semivalue on D and, since Di and D2 are finite, the 
infimum in the formula for X{z) is reached. Therefore, if X(z) = 0, then 
for some Xq,Xi G Di and X2 G D2 one has z = Wi{xi) + W2{x2) and 
xi — Xq = 0, wi{xq) — {w2 o v){xq) = and X2 + v{xq) = 0. These yield 
xi = Xq, X2 = —v{xi) and wi{xi) = —W2{x2) and consequently z = 0. 
So, A is a value. Moreover, it follows from the definition of A that 
(2-14) is satisfied and that X{wj{x)) ^ Xj{x) for x G Dj {j = 1,2). We 



UNIVERSAL VALUED ABELIAN GROUPS 19 

shall now prove that in the latter inequalities one may put the equality 
sign. Fix j e {1,2}. For x e Dj we have to show that 

(2-15) \i{xi-xo)+Ae6D{wi{xo)-{w20v){xo))+X2{x2+v{xo)) ^ Xj{x) 

provided xq,xi & Di, X2 E D2 and 

(2-16) Wi{xi) + W2{X2) = Wj{x). 

First assume j — 1. In that case (2-16) means that (xi — x,X2) G Do 
and thus h := x — Xi E Dq and X2 = u{h). So, (2-15) has the form 
Xi{xi-XQ)+AeSD{wi{xQ)-{w20v){xo)) + X2{u{h)+v{xQ)) ^ Xi{xi + h) 
which, after substitution xi := Xq, is equivalent to 

(2-17) AeSoiwiix^) - {w2 o v){xo)) + X2{u{h) + v{xo)) ^ Xi{xo + h). 

If Wi{xo) = W2{v{xo)), then xq G Dq and v{xo) = u{xo) and conse- 
quently (2-17) changes into X2{u{h) + u{xq)) ^ Ai(a;o + h) which is 
fulfilled because u is isometric. So, we may assume that Wi{xq) 7^ 
W2{v{xq)) and then we have to show that Ae + X2{u{h) + v{xq)) ^ 
Xi{xq + h). But V is e- almost isometric, hence X2{v{xq -\- h)) ^ (1 — 
£)Xi{xq + h). So, thanks to (2-13), we obtain 

Ae X2{u{h) v{xo)) ^ eXi{xQ + h)+e + X2{v{xq) v{h)) 

- X2{u{h) - v{h)) ^ Ai(xo + /i). 

When j — 2, we argue in a similar way. In that case (2-16) gives 

h := Xi E Dq and x — X2 = u{h). After substitution X2 := —v{xq) the 
inequality (2-15) changes into Xi{h—XQ)+Ae6Di'Wi{xQ) — {w20v){xo)) ^ 
X2{u{h) — v{xq)). As before, the situation when Wi{xq) = W2{v{xo)) is 
simple. Otherwise we have to prove that Ae + Xi{h — Xq) ^ X2{u{h) — 
v{xo)). We have 

X2{u{h) - v{xo)) ^ X2{u{h) - v{h)) + X2{v{h) - v{xfi)) 

^e + {l + e)Xi{h - xo) ^ Ae + Xi{h - xq). 

To end the proof, replace A by A A r to guarantee that {D,+,X) e 

2.21. Lemma. Let {Dj,+,Xj) E (Sr.(iV) (j = 1,2), Ei and E2 he sub- 
groups of Di and ipj-. Ej — )■ D2 (j = 1,2) be isometric group homo- 
morphisms such that for all {xi,X2) E Ei x E2, 

(2-18) |A2(v5i(a;i) - '^2ix2)) - Xi{xi - X2)\ ^e 

(where e > 0). Then there exist a valued group {D,+,X) E (3r{N) 
and isometric group homomorphisms ipj: Dj ^ D (j = 1,2) such that 
■02 o (^1 = "01 and 

(2-19) ll^lL -V'2 0<^2||oo 
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Proof. Let Dq = {{x, —(pi{x)) : x e £"1} <Z Di x D2 and D, tt, iIji and 
^2 be as in (2-12). Define A: f> ^ M+ by 

~X{z) = inf{Ai(a;i -a;2)+£(5o('0i(a;2) - {'4^2°^2){x2)) + >^2{y + ^2{x2)) ■ 
xi e Di, X2 e E2, ye D2, z = ^'1(^:^1) + V'2(y)}- 

As usual, A is a semi value on MVeseeth.a,tX{'ipi{x2) — {ip2°^2){x2)) ^ 
e for X2 e -B2 (this corresponds to (2-19)) and X{ipj{x)) ^ Aj(a;) for 
X e (j = 1,2). We want to show that in fact X{'ipj{z)) — Xj{z) for 
z & Dj, which is equivalent to 

(2-20) Xiix -h) + eSf^iiPiih) - {^2 o ^2){h)) + A2(y + V2{h)) ^ Xj{z) 

provided x & Di, h & E2, y E D2 and 

(2-21) ijj{z)^Mx)+My)- 

First assume j = 1. We infer from (2-21) that k :— x — z & Ei and 
y = —ipi{k). Then (2-20) is equivalent to 

(2-22) e5^{i^^{h) - {i^2 o <P2){h)) + X2{<P2{h) - <p,{k)) ^ X,{h - k). 

When ipi{h) = {ip2 ° (^2)(^), ^2ih) = ^i{h) and (2-22) is satisfied, 
thanks to the isomctricity of ipi. Otherwise, (2-22) follows from (2-18). 

The case of j = 2 is similar and is left for the reader. 

To finish the proof, define A, ■^i and %l)2 in exactly the same way 
as at the end of the proof of Lemma 2.19. □ 

3. Proof of Theorem 1.1 

For the duration of this section r e {l,oo}, G Z+\{1} and a set 
Q C R such as in (2-1) are fixed. Note that it is not assumed that Q is 
countable. However, in some results its countability is necessary and 
then we add this assumption to their statements. For simplicity, we 
put the following 

3.1. Definition. Suppose Q is countable. A valued group (G, +,p) is 
said to be a Q -group iff G is finite or a countable group of class Ojin 
and p{G) C Q. 

As a special case of the general technique of Fraisse limits, we get 

3.2. Theorem. Suppose Q is countable. There is a unique (up to iso- 
metric group isomorphism) Q-group QGr{N) G 'S^(A^) with the follow- 
ing property. Whenever {H, +, q) G &r{N) is a finite Q-group and K 
is a subgroup of H , every isometric group homomorphism of K into 
QGr{N) is expendable to an isometric group homomorphism of H into 
QGr{N). 
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Proof. The uniqueness follows from the back-and-forth method. The 
existence may be provide in a standard way. There are only countably 
many (up to isometric group isomorphism) finite Q-groups belonging to 
&r{N) and thus there is a sequence +, q'n)$^i C (5r{N) of finite Q- 
groups in which every such group appears infinitely many times. Using 
repeatedly Lemma 2.19, inductively define a sequence of finite Q-groups 
{Gn,+,Pn) e ^riN), Starting with Go = {0}, such that (G„,+,Pn) C 
{Gn+i, +,Pn+i) and every isometric group homomorphism of a sub- 
group of Hn is extendable to an isometric group homomorphism of if„ 
into Gn+i- Finally, put {QGr{N), +,p) = [j'^=i{Gn, +,Pn)- The details 
are left for the reader. □ 

It is clear that the completion of a member of (5r{N) is of the same 
class. In what follows, we fix the following situation. We assume that 
(G, +,p) G (5r{N) is complete and for some dense subgroup Go of G 
the following conditions are fulfilled: 

(QGl) whenever {H,+,q) G &r{N) is a finite group with Q-valued 
value, K is its subgroup and ip: K ^ Gq is an isometric group 
homomorphism, then for every e e (0, 1) there is an £-almost 
isometric group homomorphism ip: H ^ Gq such that ~ 

V^lloo ^ £, 

(QG2) p(Go) C Q and the set of finite rank elements of Go is dense in 
Go. 

(We underhne that it is not assumed here that Q is countable.) Our 
aim is to show that 

(UEP) whenever {H,+,q) G (5r{N) is a finite valued group, K is its 
subgroup and (/? : K ^ G is an isometric group homomorphism, 
there is an isometric group homomorphism ip: H ^ G which 
extends </?. 

The proof of (UEP) is preceded by a few lemmas. 

3.3. Lemma. Let a & G be of finite rank k ^ 2. For every e > there 
is b & Go such that rank(6) = k and p{ja — jb) ^ e for each j G Z. 

Proof. Let S G (0, 1) be such that S ^ By (QG2), there is a finite 
rank element c G Go for which p{a — c) ^5. Let H — (a, c) and 
K = (a) G H. Notice that p{K) C Q. We conclude from Lemma 2.6 
that there is a Q- valued value q on H which extends p\^, is bounded 
by r and satisfies — ?||oo ^ S. We see that {H, +, g) G &r{N). So, 
by (QGl) applied to id: — >■ Go, there is a 5- almost isometric (with 
respect to q) group homomorphism (p: H ^ Go such that p{x—(f{x)) ^ 
5 for X G K. Put b — (p{a). Then rank(6) = rank(a) and 

p(a -b) ^ p(a - c) +p(c - (/?(c)) +p(ip(c) - ip(a)) 

^ 25 + (1 + 6)q{c -a) ^26 + 2(p(c -a) + S) ^65 ^j, 
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SO p{ja — jb) ^ £ for j = 0, 1, .... A; — 1 and we are done. □ 

3.4. Lemma. Let H be a finite subgroup of G. For each e > there 
is a group homomorphism tp: H ^ Gq with trivial kernel such that 
p{(p{x) — x) ^ e for each x & H . 

Proof. We assume H is nontrivial. Since every finite Abelian group is 
group isomorphic to a direct product of cyclic groups, there is s ^ 1 and 
oi, . . . , Os such that the function $ : (ai) x . . . x (og) 3 (xi, . . . , Xs) ^ 
^]=i & H is a group isomorphism. Let fi = min{p{x) : x & H \ 
{0}} > 0. We assume e < fi. By Lemma 3.3, there are bi,...,bs G 
Go with rank(6j) — rank(aj) and p{lbj — laj) ^ e/ s ior j = 1, . . . , s 
and Z e Z. We infer from this that there are group isomorphisms 
Kj-. (aj) — >■ (bj) such that Aj(aj) = bj. Let 

A = Ai X . . . X A5 : (ai) x . . . x (a^) (bi) x . . . x (bs) 

(A(a;i, ...,Xs) = (Ai(xi), . . . , As{xs))). Further, if Zi, . . . , e Z, then 
P(EJ=i^i«i - Tfj=ih^j) ^ EJ=iP(^i«i - hh) ^ £ < and thus 
X]j=i = iff Y^^j=i — 0- This yields that the group homo- 
morphism 

s 

(61) X ... X {bs) 3 (yi, . . . ^ e Go 

has trivial kernel. Now it suffices to put — ^ o Ko □ 

3.5. Lemma. Let {H, +, q) e 0r(-^) be a finite group, K its subgroup 
and let (f: K G be an isometric group homomorphism. Then for 
every e G (0, 1) there is an e-almost isometric group homomorphism 
ip: H ^ G such that Wi^lj^ — ^\\oo ^ 

Proof. Again, we assume H is nontrivial. Let /j, — min{g(/i) : h G 
\ {0}}. Take 5 such that 

(3-1) Se{0,h, S<c, {1 + 2SY + {l-25f ^l-e. 

By Lemma 3.4, there is a group homomorphism k: (p{K) — )■ Go with 
trivial kernel such that p{k{x) — x) ^ 5"^. Put ipo — k o (p: K ^ Gq. 
Then ipo has trivial kernel and 

(3-2) Uo - V^lloo ^ S\ 

Let Xq: K 3 X p{i/jo{x)) G K+. Observe that Aq is a value bounded 
by r and \o{K) C Q (see (QG2)). Moreover, ior x e K \ {0} we have 
(thanks to (3-1) and (3-2)): 

q{x) = p{(fix)) ^ p{ipo{x)) + S'^ ^ Xq{x) + Sq{x) 

and 

Xo(x) ^ p{ip{x)) + 5^ ^ q{x) + 5q{x) = (1 + 5)q{x). 
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The above estimations gives ^ T^^o and Aq ^ (1 + Now 
by Lemma 2.7 (with u!{t) = (1 + 6)t, g{t) = and r(t) = t), there is 
a value A i on if which extends Aq, is bounded by r and satisfies 

(3-3) {1 - S)q ^ Xi ^ {1 + 6)q. 

Further, since \i{K) = \){K) C Q, we infer from Lemma 2.6 that 
there is a value \ on H bounded by r, extending Ai|^ and satisfying 
X{H) C Q and 

(3-4) ||Ai - A|U ^ 6'. 

Note that ipo'. K — )■ Go is isometric with respect to A and there- 
fore, by (QGl), there is a 5-almost isometric group homomorphism 
ijj: {H,+,X) — )■ (G, +,p) such that — ipo\\oo ^ ^- The latter in- 

equality combined with (3-1) and (3-2) gives ~ 'fWoo ^ So, we 
only need to check that as a group homomorphism of {H, +, q) into 
{G,+,p), is e-almost isometric. For h & H \ {0} we have, thanks to 
(3-1), (3-3) and (3-4): 

p{iP{h)) ^ (1 + S)X{h) ^ (1 + S){X,{h) + 5^) 

^ (1 + 5)[{1 + S)q{h) + Sq{h)] ^ (1 + 25fq{h) ^ (1 + £)g(/i) 

and 

p{iP{h)) ^ (1 - 5)A(/i) ^ (1 - S){X,{h) - 6^) 

^ (1 - 5)[(1 - S)q{h) - Sq{h)) ^ (1 - 2Syq{h) ^ (1 - £)g(/i) 

which finishes the proof. □ 

3.6. Remark. From the beginning of the section to this moment we 
have never used the assumption that G is complete. So, the assertion 
of Lemma 3.5 is fulfilled for every group G which is 'between' Go and 
its completion. In particular. Lemma 3.5 holds true for G = Gq. 

3.7. Lemma. Let {H,+,q) G (Sr{N) be a finite group and K its sub- 
group. Further, let ip: K — )> G and ip: H — )■ G be, respectively, 
an isometric and an e-almost isometric group homomorphism (where 
£ e (0,1)) such that ||'?/'|^ — ^\\oo ^ For every S e (0,e) there 
is a 6 -almost isometric group homomorphism H ^ G such that 
Wi^'lj^ — ^\\oo ^ ^ cind \\il> — V'lloo ^ Ce where G = 3 -|- 2 diam(i7, q). 

Proof. Let L = <f{K) + iIj{H) and p' = p\^. Then (L, +,p') e &r{N) 
and L is finite. By Lemma 2.20, there are a finite valued group 
{D, +, A) G &r{N) and isometric group homomorphisms wh- H ^ D 
and Wl : L ^ D such that 

(3-5) wlO(p^wh\j. and \\wh - wl o ipW^ ^ Ae 
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where A = l + diam(if, q). Put Dq = wl{L). Observe that : Dq 
L C G is isometric. Hence, by Lemma 3.5, there is a 5-almost isometric 
group homomorphism v. D ^ G such that 

(3-6) \\v\jj^-w2^\\^^5. 

Then t/;' — v o wh : H ^ G \s 5-almost isometric. Now \l x & K, then 
by (3-5), wh{x) — {wlo ip){x) and thus 

p{ip{x) - ^p'{x)) = p{wl^{{wL o ip){x)) - v((wl o ip){x))) ^ 5, 

thanks to (3-6). Finally, if /i e if, then t/j{h) e L and (by (3-5) and 
(3-6)): 

p(^(/l) - ij'ih)) ^ piwl\iwL O ij){h)) - V{{WL O ij){h))) 

+ p{v{{wLO^){h)) -v{wH{h))) ^ \\wj^^ -^IdoII°° 
+ {1 + S)p{{wl o ip){h) - wnih)) + 2\\wl o - wh\\oo 

^e + 2Ae^ Ce. 

□ 

Now we are ready to prove 

3.8. Theorem. The group G satisfies (UEP). 

Proof. Let {H, +,q),K and ip be as in (UEP). Put C = 3+2 diam(i/, q) 
and En = 2~" (n ^ 1). By Lemma 3.5, there is an ei-almost isometric 
group homomorphism ipi: H ^ G such that — V^||oo ^ ^i- Sup- 

pose we have ipn-i for some n ^ 2. Applying Lemma 3.7, we obtain 
t/jn- H ^ G such that 

(1„) ipn is an £„-almost isometric group homomorphism, 

(2n) ||^„|^ n ■ 

(3n) ll^n - V'n-llloo ^ CSn-l- 

The condition (3„) ensures that the sequence {%lJn{h))^=i converges for 
every h & H and thus we may define a group homomorphism ip: H ^ 
G by 'i'{h) = lim„_^oo '0n(^)- Then (1„) yields that ip is isometric and 
(2n) gives V'l;^ = V'- □ 

Proof of Theorem 1.1. Let G be the completion of QGr(iV) (cf. 
Theorem 3.2). By Theorem 3.8, G satisfies (UEP). This gives the 
existence of G^(A^). The uniqueness follows again from Theorem 3.8, 
applied to the situation when Q = M, (G3) and the back-and-forth 
method. □ 

Note that we have proved that Gr{N) fulfills (UEP). This fact wiU 
be used in the next section. The results of this section gives more than 
just the assertion of Theorem 1.1. Namely, 

3.9. Proposition. In each of the following cases the completion of a 
valued group {G,+,p) is isometrically group isomorphic to Gri^). 
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(A) G = QGr{N) where Q is a countable set as in (2-1) (cf. Theo- 
rem 3.2). 

(B) {G,-\-,p) e ^r{N) and G satisfies conditions (G2) and (G3) of 
Theorem 1.1 (with Gr{N) replaced by G). 

(C) {G,+,p) satisfies conditions (QGl) and (QG2) (with Gq replaced 
by G) for some set Q as in (2-1). 

4. Proof of Theorem 1.2 

As in the previous section, we fix r e {1, oo} and N e Z+\ {1}. Our 
first aim of this part is to show that 

(CEP) Whenever (L, +,g) G (3r{N), K and H are, respectively, a 
compact and a finite subgroup of L, and ip: K Gr{N) is 
an isometric group homomorphism, then there is an isometric 
group homomorphism ip: K + H ^ Gr{N) which extends (p. 

Similarly as in the previous section, the proof of (CEP) is preceded by a 
few auxiliary lemmas. In some of them we use the Hausdorff distance, 
which is denoted by us by distg(74, B) if only A and B are two compact 
nonempty subsets of a valued group with value q. 

4.1. Lemma. Let a e G^(0) be such that the closure K of (a) is com- 
pact. Then for every £ > there is a finite rank element b of Gj.(0) 
such that distp{{b) , K) ^ e where p is the value o/Gj.(0). 

Proof. We asssume rank(a) = oo. Since the elements of the sequence 
(na)^]^ form a dense subset of K, there is m ^ 2 such that the set 
{0, a, . . . , (m — l)a} is an (£/4)-net for K and 

(4-1) p{ma) ^ -. 

8 

By (G3), there is a finite rank element c e Gr(0) for which 
(4-2) p(«_e)^£. 

Put H — (c) and let H' = (c') be a cyclic group of rank m. For 
each /c G Z let s{k) G {0, 1, . . . , m — 1} be such that m\k — s{k). 
Define qo: H x H' Rj^ hj qo^xjc') = p{x + s{l)a) + 6H'{lc')e/8 
(/ G Z). Observe that go is well defined; qQ{x,y) = iff a; = and 
y = 0; and qQ{x,0) = p{x). We claim that q^ satisfies the triangle 
inequality, that is, qQ{x -\- x', {I -\- l')c') ^ qo{x, Id) -\- qo{x', I'd). Indeed, 
if s\l) + s{l') < m, then s{l + I') = s{l) + s{l') and then the latter 
inequality is immediate. And when s{l) + s{l') ^ m, we have s{l) > 0, 
s{r) > and s{l + I') = s{l) + s(/') - m and hence, by (4-1), 

qo(x, Id) + qo(x', I'd) ^ p{x + x' + (s(l) + s(l'))a) + ^ + 

o o 

p{x+x'+s{l+l')a-ma)+p{ma) + ^dH'{{l+l')d) ^ qQ{x+x' , {l+l')d). 

8 
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Now let q: H X H' ^ be given by 

1 

y) = [2 (^o(a;, + qo{-x, -y))] A r. 

It follows from the properties of qo that g is a value and q{x, 0) = p{x) 
for X E H. Moreover, for j e {0, 1, . . . , m — 1} one has 

(4-3) g(ic,-ic')^|. 

Indeed, we may assume that j 7^ and then s(j) = j and s{—j) = 
m-j. So, by (4-1) and (4-2), qo{jc, -jc') ^ p{j{c-a))+p{ma) + ^ < | 
and ?o(— JC, jc') = p(j(c — a)) + 1 ^ |- Further, since the function H x 
{0} 3 {h,0) ^ h E G,r(0), wc conclude from (UEP) that there exists an 
isometric group homomorphism tp: H x H' ^ G,.(0) with tp{h,0) = h 
for any heH. Put 6 = ^(0, c'). Then (6) = {0, 6, . . . , (m - 1)6}. Now 
if J e {0, 1, . . . , m - 1}, we get (see (4-2) and (4-3)): 

P{jb-ja) ^ p{jc-jb)+p{jc-ja) ^ p(^(jc, 0) - j^(0, c')) + jp(c-a) 

^ p(V'(jc, -jc')) + I = q{jc, -jc') + ^ ^ 

Conversely, if x e there is j e {0, 1, . . . , m— 1} such that p{x—ja) ^ 
e/4 and then p{x — jb) ^ p{x — ja) +p{ja — jb) ^ e which finally gives 
distp{{b),K) ^e. □ 

From now to the end of the next section p denotes the value of 

Gr{N). 

4.2. Lemma. Let K be a compact subgroup ofGr{N). For each e > 
there is a finite subgroup H of Gr{N) such that distp(i7, K) ^ s. 

Proof. There is s ^ 2 and ai, . . . , ^ K such that {ai, . . . , a^} is 
an (£:/2)-net for K. If 7^ 0, put H = {ai, . . . ,0^) and notice that 
distp{H,K) ^ 6/2 since {ai, . . . ,as} d H d K. We now assume 
N — 0. By Lemma 4.1, there are finite rank elements bi, . . . ,bs G Gr(0) 
with distp((6j), Kj) ^ e/s where Kj is the closure of (aj) (j = 1, . . . , s). 
Let H = (61, . . . ,bs). For every x E H there are Xj G (bj) {j = 1, . . . , s) 
for which x = "^j^iXj. Then for every j one can find yj G Kj such 
that p{xj — yj) ^ s/s and hence p{x — y) ^ e ioi y = G K. 

Conversely, if y G there is j such that p(x — Oj) ^ s/2, and there is 
w G C H with p(aj — w) ^ e/s ^ s/2 which yields p{x — w) ^ e 
and we are done. □ 

For need of the nearest three results let (L, -|-, q), K, H and </? be as 
in (CEP). 

4.3. Lemma. For every e > there is an isometric group homomor- 
phism ip: H ^ Gr{N) such that for any h E H and k E K , 

(4-4) \p{,p{h)-^{k))-q{h-k)\^e. 
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Proof. Let K = (p{K). By Lemma 4.2, there is a finite subgroup F of 
GriN) sucfi tfiat 

(4-5) distp(F,i^)^|. 

It follows from Lemma 2.19, applied to cpi — cp: K — > K + F and 

(p2 = id: K ^ L, that there exist a valued group (D, +, A) G &r{N) 
and isometric group homomorphisms ^: L D and ^ : + F — )■ 
D for which ^ o = $|^. Further, the group ^{H) + ^(F) is a 
finite subgroup of D and the group homomorphism ^^^|^(^^-) : "^{F) — )■ 
Gr{N) is isometric. So, thanks to (UEP), there is an isometric group 
homomorphism r: ^{H) + "^{F) Gr{N) which extends 

Put V' = r o $1^. Fix /i e if and k e K. Take / G F such that p{f - 
(p{k)) ^ e/2 (see (4-5)). Then p{ilj{h) - (p{k)) ^ p(t($(/i)) - /) + e/2 
and 

p(t($(/i)) - /) = p(t($(/i)) - t(*(/))) = A($(/i) - *(/)) 
^ A($(/i) - ^k)) + Xmk) - *(/)) = q{h - k) 

+ Xi^im) - *(/)) = qih -k)+ Pirn -f)<q{h-k) + '- 

which shows that p{ip{h) — (p{k)) ^ q{h — k) + e. Conversely, 

q{h -k)^ A($(/i) - ^k)) ^ A($(/i) - *(/)) + A(*(/) - ^{k)) 
= p{T{^{h)) - t(*(/))) + A(*(/) - ^{<p{k))) 

= - f) +p{f - cp{k)) ^ pim - m) + Mf - m) 

which finishes the proof of (4-4), because 2p{f — (p{k)) ^ e. □ 

4.4. Lemma. Let tp: H ^ Gr{N) be an isometric group homomor- 
phism such that (4-4) is fulfilled for any h & H and k & K. For each 
5 > there exists an isometric group homomorphism H ^ Gr{N) 
for which — ■0'||oo ^ s + S and for all h & H and k & K, 

(4-6) \p{^^l;'{^ti)-^{k))-q{h-k)\^5. 

Proof. By Lemma 2.21, there are a valued group (£>, +, A) G &r{N) and 
isometric group homomorphisms wl'- L ^ D and wq '■ fi^) -\-ip{H) — > 
D such that u^lI^^ — wg ° V ^-nd 

(4-7) \\wL\jj-'^G°i^\\oo^e. 

Then Z :— wg{(p{K)+iP{H)) and F :— wl{H) + wg{'iP{H)) are, respec- 
tively, a compact and a finite subgroup of D, and Wq^: Z — > Gr{N) 
is isometric. So, thanks to Lemma 4.3, there is an isometric group 
homomorphism ^: F — )■ Gr{N) such that for any z & Z and f & F, 

(4-8) \piwa\z) - Cif)) - Xiz - f)\ ^ S. 
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Put ^' = C o H Gr{N). Now &x h e H and k e K and 

put z — wci^ik)) e Z and / = w^ih) G F. Then we have p{ip'{h) — 
(p{k)) = - tyG^(^)) and (since waoip^ "^Aj^) 

q{h -k)^ X{wLih) - WL{k)) = X{wL{h) - woivik))) = A(/ - z). 

Hence (4-6) follows from (4-8). It suffices to show that 11-0 — '0'||oo ^ 
e -\- 5. For h e H we get 

p(V'(/l)-V'(/l)) ^ p(V(/i)-^((«'GOT^)(/l)))+p(e((«;GOT^)(/l))-e(«^L(/l))) 

and, by (4-7), piaiwco^Kh)) -awL{h))) = X{{wGoij){h) -WL{h)) ^ 
e. So, it remains to check that p{ip{h) — ^{{wq o ip){h))) ^ S. But this 
follows from (4-8) for 2; = / = {wq o '0)(/i) e Z n F. □ 

Finally, we have 

4.5. Theorem. The assertion of (CEP) is satisfied. 

Proof. Put = By Lemma 4.3, there is an isometric group 

homomorphism '4>i: H ^ Gr{N) such that (4-4) (with t/j replaced 
by ■^i) is fulfilled for any h E H and k E K. Now suppose that 
ipn-i'- H — 7> Gj.{N) is constructed. We infer from Lemma 4.4 that 
there is a group homomorphism ip^: H ^ Q^i^N) such that 

(1„) tpn is isometric, 

(2„) Wll^n-l - V'niloo ^ £n-l + ^ 2£„_i, 

(3„) \p{'^n{h) — (p{k)) — q{h — k)\ ^ for all h e H and k e K. 
We conclude from (1„) and (2„) that a group homomorphism ipo: H ^ 
Gr{N) given by <^o(^) = linin-^-oo '0n(^) is well defined and isometric. 
What is more, (3^) yields 

(4-9) p{Mh)-m) = qih-k) 

for any h E H and k G K. We easily deduce from (4-9) that the 
formula il!{h + k) = foih) + ip{k) (where h E H and k E K) well 
defines an isometric group homomorphism ijj: K + H ^ Gr{N) which 
extends (p. □ 

Proof of Theorem 1.2. We begin with the note that the assertion of 
part (B) follows from (A), (G3) and the back-and-forth method. Thus, 
it suffices to prove (A). First we shall show the easier point, (i). When 
ifi is not open, it suffices to put t = 0, g = id and to apply Corollary 2.4 
in order to find uj E D,*. Similarly, if ip is open as a map of K onto 
<f{K), the semivalue qo' K 3 x ^ dist5(x, ker (/?) E R+ is continuous 
with respect to p o p and hence for tq = one may find (thanks to 
Lemma 2.2) qq E Q* such that Toogg ^ g^opoip. Further, take suitable 
ujq E Vt* and apply the idea of Example 2.8 to guarantee (cu-p-r). We 
now pass to the main part of the theorem — to point (ii) . 

Put Xq-. K 3 X ^ p{ip{x)) E R+. Then Aq is a semivalue on K 
such that Aq ^ {u o q)\ Lemma 2.7 ensures us the existence of a 
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semivalue X on H bounded by r which extends Aq and satisfies suitable 
conditions. Put H' — H/ ker cp. Let tt : H ^ H' he the quotient group 
homomorphism, A' the value induced by A (recall that A~"^({0}) = 
Aoi({0}) = kenp), K' = 7r{K) and let ip' : K' ^ G^(iV) be a group 
homomorphism such that 9?'o7r|^ = (p. Notice that {H', +, A') e &r{N) 
(thanks to Proposition 2.14) and 

(4-10) P{v'{x)) = X'{x) 

for every x G K' (because A extends Aq). Now let {H,+,X) G *3r{N) 
be the completion of (if', +, A'). The relation (4-10) ensures us that 
extends to an isometric group homomorphism (p: K ^ Gr(iV) de- 
fined on a closed subgroup of H. Since the closure of y:>{K) is compact 
in (5r{N), K is compact. Enlarging, if needed, the group H (making 
use of Theorem 2.12) we may assume that Hfi^ is dense in H. Now 
thanks to (CEP) and the induction argument we see that there is an 
isometric group homomorphism -i/j: H ^ GriN) which extends (p. De- 
fine ipi^: H ^ Gr{N) hj ipi^ = ip o n and observe that ker (/? = ker(pi^ 
and p{^uj{h)) = X{h) for each h E H. The verification that all other 
assertions are fulfilled is left for the reader. □ 

In the next section we shall show that Gr(2) is Urysohn as a metric 
space. Thus, Theorem 1.2 extends and strengthens the results of [17]. 

4.6. Corollary. (A) The group Gr{N) is universal for the class <3r{N); 
that is, every member of <&r{N) admits an isometric group homo- 
morphism into Gr{N). 

(B) The groups Gi(0) and G^{0) are topologically universal for the 
class of separable metrizable topological Abelian groups. What is 
more, for every {G,-\-,q) e (3 the valued group {G,-\-,qA 1) (re- 
spectively {G, -\-, q") with < a < 1 ^ admits an isometric group 
homomorphism into Gi(0) (respectively into Goo(0)j. 

For two pairs {r,N),{s,M) e {1, cx)} x (Z+\{1}) let us write {r,N) =4 
{s, M) iff r ^ s and N\M. The reader will easily check that 

4.7. Proposition. Let {r,N) G {l,oo} x (Z+ \ {1}). 

(A) Gs(M) is embeddable in Gr(A^) by means of an isometric group 
homomorphism iff {s,M) =4 {r,N). 

(B) Let M\N (and M ^ 1). Then the group G^(A^,M) := {x G 
Gr{N) : M • X — 0} is isometrically group isomorphic to Gr{M). 

The above simple result has two interesting consequence, formulated 
in the next two results. 

4.8. Proposition. There is a family 

{^:'^:G,(M)^Gr(N)}^,,MMr,N) 

of isometric group homomorphisms such that for each {r,N), {s,M), 
{t,L) with {r,N) =4 (s, M) ^ {t,L): 
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(i) K',N = idG.(7V), 

(ii) ^'sM ° K:n = '^'i- 

Proof. Let ^1,0 : 'Gi(O) — Goo(O) be an isometric group homomor- 
phism. Further, let "if 00,0 = idGoo(o) for iV ^ 2 let ^oo,Af ^ ^ioo(-^) ^ 
Goo(0,iV) and *i,iv: Gi.jv Goo(0,iV) n *i,o(Gi(0))' be isometric 
group isomorphisms (where Goo(0, N) is as in the statement of Propo- 
sition 4.7). Now it suffices to put = ^rN°^s,M provided (s, M) =^ 
{r,N). , , , ^ 

4.9. Proposition. Suupose N ^ 0. If Ni, . . . , Ng ^ 2 are mutually 
coprime and N = Ni ■ . . . ■ N.,, then Gr{N) and Gr{Ni) x . . . x Gr{Ns) 
are isomorphic as topological groups. 

Proof. The assertion follows from Proposition 4.7 and the fact that the 
function 

s 

Gr{N, Ni)x ...X Gr{N, Ns)3 {xi,..., Xs) ^^Xj e Gr{N) 

is an isomorphism of topological groups. □ 

In the next section we shall show that Gr(A^)'s are pairwise noniso- 
morphic as topological groups. 

The main assumption of Theorem 1.2 is that the closure of the image 
of a group homomorphism is compact. One may ask whether one may 
weaken this condition. As the next result shows, nothing else may 
be done in this direction for group homomorphims with (metrically) 
bounded images. (This result has its natural well-known counterpart 
for the Urysohn metric space.) 

4.10. Proposition. Let K be a closed bounded subgroup ofGr{N) such 
that for every finite group H and every value q on K x H such that 
{K X H,+,q) e ©r(-^) «w<^ 5(2^; 0) = p{x) for x & K there is an 
isometric group homomorphism ip: K x H ^ Gr{N) with ip{x, 0) — x 
for X & K. Then K is compact. 

Proof. Suppose K is noncompact. We infer from the completeness of 
K that then there exist e > and a sequence {xn)'^=i C K such that 
p{xn — Xm) ^ £ for distinct n and m. Put A = {a;„ : n ^ 1}. For every 
X e Gr{N) let : A — )■ M_|_ be given by ex{a) = p{x — a). It is easily 
seen that the set E — {e^: x e Gr{N)} C Er{A) is separable (with 
respect to the suprcmum metric), since the map Gr{N) 3 x ^ e^ E E 
is a nonexpansivc surjcction. However, we shall show that E contains 
an uncountable discrete subset (which will finish the proof). 

Suppose / e Er{A) is such that / satisfies (2-8) for any oi, . . . , oat G 
A provided N > 2. Then, by Theorem 2.17, / is trivial in some valued 
group belonging to 0r{N) and of the form K x H with H finite. So, 
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thanks to our assumption on K, f is trivial in Gr(A^) which means that 

feE. 

Let M = d[am{K) > 0. Take 5 G (0,e) such that 6 < M/2. For a 
subset J of A let fj:A^ R_|_ be given by: fj{a) = M if a G J and 
/j(a) = M — 6 otherwise. A direct calculation shows that fj G Er{A) 
and fj satisfies (2-8) provided N 0. So, according to the previous 
paragraph, fj G E. But — /j'||oo = ^ whenever J and J' are 
different subsets of A and hence E cannot be separable. □ 

4.11. Remark. Melleray [14, 15] has shown that if every isometry be- 
tween to subsets of the Urysohn metric space U which are isometric to 
a given separable complete metric space X is extendable to an isome- 
try of U onto itself, then X is compact. A counterpart of this result in 
category of valued groups reads as follows: 

If every isometric group isomorphism between two sub- 
groups of Gri^) which are isometrically group isomor- 
phic to a complete group {H, +,q) E 0r{N) is extendable 
to an isometric group automorphism ofGr{N), then H 
is compact. 

It follows from Proposition 4.10 that every group H having the above 
property and bounded value has to be compact. However, the problem 
whether the above stated result is true in Goo{N) we leave open. 

5. Geometry of Gr(iV)'s 

The part is mainly devoted to investigations of the groups Gr(A^)'s 
as metric spaces. We begin with 

5.1. Theorem. The metric spaces Gr{N) with N G {0, 2} are Urysohn. 
In particular, 0^(2) is a Boolean Urysohn metric group introduced in 
[17]. 

Proof. This is an almost immediate consequence of (UEP) and The- 
orem 2.17. Let Go = G^(iV)/i„. Let / G E\Go) and S be a finite 
nonempty subset of Go- Put H — {B). By Theorem 2.17, H may be 
enlarged to a finite group belonging to <3r{N) in which /|^ is trivial. 
Now we infer from (UEP) that /|^ is indeed trivial in Gq. So, it follows 
from the well-known result on the Urysohn space (see e.g. [24, 25], [10], 
[15]) that Gr{N), as the completion of Go, is Urysohn. □ 

5.2. Remark. The same argument as in the proof of Theorem 5.1 shows 
that the metric space QGr{N) for N G {0, 2} is the so-called rational 
Urysohn space. 

Theorem 5.1 tells us 'everything' about the metric spaces Gr{N) 
with N G {0, 2}. Therefore from now on, we assume AT > 2. In 
Theorem 5.5 we shall show that in that case Gr{N) is not Urysohn. 
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In the same way as in the proof of Theorem 5.1 one shows the next 
result the proof of which is left as an exercise (use Theorem 2.17 and 
Remark 2.16; recall that all elements are of finite rank). 

5.3. Proposition. (A) Let B be a finite nonempty subset of Gr{N) and 
f e Er{B). Then f is trivial in Gr{N) iff' f fulfills (2-8) for any 
ai, . . . , a]\f G B . In particular, f is trivial in G,.(A^) iff f\^ is trivial 
in Gr{N) for every subset A of B such that < card(A) ^ A^. 

(B) Let H be a finite subgroup of Gr{N) and f G Er{H). The map f 
is trivial in GriN) iff f fulfills (2-9). 

It turns out that the exponent N is determined by the metric of 
Gr{N). This is a consequence of the above result and the following 

5.4. Example. Let Z = (b) be a cyclic group of rank and let H — 
Z^. For j — 1, . . . , N let ej — {cji, . . . , Cj^) e H with ejj = b and 
Sjk = for A; 7^ j. Further, let F — {±ej : j = 1, . . . , e^} U {ej — 
Ck' j, k = 1, . . . , N} C H . of course, F generates H. Let || ■ H^;^ be the 
'norm' on H generated by F (in the terminology of finitely generated 
groups, cf. [7]), i.e. || ■ \\f is a value such that for nonzero h & H, 

n 

\\h\\F = min{n ^ 1| 3/i, ...,/„ e F: /i = /J 

(note that F — —F). We see that 

(5-1) ||ej- - efclliT = 1 for j ^ k. 

We claim that if rii, . . . , uj^ e Z_|_, 

N N 

(5-2) II njej IliT ^ N — max(ni, . . . , n^) provided Uj — N. 

j=i j=i 

Indeed, suppose that e.g. max(ni, . . . , n^v) = and observe that 
X^^i njCj = "^f^i nj{ej — Cat), thanks to the assumption in (5-2). 
The latter equality gives (5-2). Further, we have 

N 

(5-3) \\J2ej\\F = N-l. 



To see this, suppose (for the contrary) that || Xl^i ^jWf ^ N — 2. This 
means (since G -F) that there are /i, . . . , fN~2 G F which sum up to 
'^j=i Cj- Write fs = X]j=i ^js^j where ejg G {0, 1, —1}. Since the rank 
of b is N, we conclude from this that '^fS^ Sjs — 1 ior j — 1, . . . , N 
and hence Y^f=iYlsJi ^js = N. However, YljLi^js G {-1,0,1} for 
s — 1, . . . ,N — 2 (because fs G F) and therefore I Sj^i ^js\ < 

A^ — 1 which denies earher conclusion. So, (5-3) is fulfilled (by (5-2)). 
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Now put c = max(l/2, 1 - 2/iV) and let /: {ei, . . . , Cat} K+ be 
constantly equal to c. By (5-1), / is a Katetov map. Observe that 
(thanks to (5-3)) 

N N 

(here is the only moment where we need to have iV ^ 3). So, / fails 
to satisfy (2-8) and thus H cannot be enlarged to a valued group of 
exponent N in which / is trivial (by Proposition 2.15). However, if A is 
a proper nonempty subset of {ei, . . . , e^} and ai, . . . , cat G A, then the 
inequality (2-8) is fulfilled, by (5-2). Consequently, H may be enlarged 
to a finite group belonging to <3r{N) in which /|^ is trivial. 

If we now replace || • \\f by a\\ • \\f with small enough a > 0, we shall 
obtain an analogous example in the class (5i{N). 

As a corollary of Theorem 5.1, Proposition 5.3 and the above example 
we obtain 

5.5. Theorem. When N > 2, N is the least natural number k with the 
following property. For every finite nonempty subset A of Gr{N) and 
each f E Er{A), f is trivial in Gr{N) iff is trivial in Gr{N) for 
any nonempty B d A with card(i?) ^ k. 

In particular, for two distinct pairs (r, A'^), (s, M) e {1, oo} x (Z+ \ 
{1}), the metric spaces Gr{N) and Gr{M) are isometric iff r — s and 
{N,M} = {0,2}. Hence, Gr{N) is non-Urysohn for N > 2. 

Further geometric properties of Gr(A^)'s are stated below. 

5.6. Proposition. Let f e E'{Gr{N)). 

(A) For every two-point subset B of Gr{N) the map f\^ is trivial in 

GriN). 

(B) If N = A, f is trivial (in Gr{N) ) on every three-point subset of the 
space. 

(C) If N ^ 4, there is a three-point set C C Gr{N) and a map g e 
Er{C) which is nontrivial in Gr{N). 

Proof. The points (b) and (c) are left as exercises. (To prove (c) for 

A^ > 4, take Z as in Example 5.4, H = Z^, define ei, 62, 63, F and \\-\\f 
in a similar manner and consider /: {ei, 62, 63} — > R_|_ constantly equal 

to 1/2. Show that ||(A; + ri)ei + (A; + r2)e2 + (A; + r3)e3||F > |(A^-1) > f 
for ri,r2,r3 e {0, 1,2} which sum up to r e {0, 1,2} such that A" = 
3k + r.) 

To show (a), it remains to check that (2-8) is fulfilled whenever 
ai,...,aN G {a.b} C Gr{N). In that case (2-8) reduces to \p{j{a — 
b)) - /(a) I ^ (j - l)/(a) + (AT - j)f{b) (since {N - j)b = -jb) with 
j — 2, . . . ,N — 1 (for j — 1 this inequality follows from the definition 
of a Katetov map). Of course /(a) —p{j{a — b)) ^ {j — l)/(a), so we 
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only need to check that p{j{a — b)) ^ + {N — j)f{h). By the 

symmetry (j'(a — h) = —{N — j){a — b)), we may assume that j ^ N/2. 
But then p(j(a - b)) ^ j{f{a) + f{b)) ^ jf{a) + (N - j)f{b). □ 

5.7. Corollary. For any two distinct points x and y of Gr{N) there is 
an isometric arc of [0, c] to Gr{N) joining x and y, where c — p{x — y) . 

Proof. By Proposition 5.6, for any x,y E Gr(A^) there is z E Gr{N) 
such that p{x — z) = p{y — z) = p{x — y)/2. Since Gr{N) is complete, 
the assertion follows. □ 



The above result implies that every metric space which is the image 
of Gi(A^) under a uniformly continuous function has bounded metric. 
Since continuous group homomorphisms are uniformly continuous, as 
a consequence of this we obtain the result announced in the previous 
section. 

5.8. Corollary. The groups Gr{N)'s are pairwise nonisomorphic as 
topological groups. 

The inequality (5-4) in Example 5.4 implies that there are points 
Xi, . . . ,xn in Gr{N) and radii ri, . . . , r^v > such that p{xj — Xk) < 
rj + Tfc for any j, k, but the closed balls B{xj, rj) {j — 1, . . . , N) have 
empty intersection. We conclude from this that the metric space G,.(A^) 
fails to have the property of extending isometric maps between finite 
subsets of Gr{N) to Lipschitz maps with Lipschitz constants arbitrarily 
close to 1. This is why it is not so easy (as in case of Gr{0) and Gr{2) 
which are Urysohn spaces; compare with [28] or [19] where it is shown 
that the Urysohn space is homeomorphic to to prove that Gr{N) is 
an absolute retract (for metric spaces). We shall do this in Section 8. 

Our last aim of this part is to show that each of the metric spaces 
Gr{Nys is metrically universal for separable metric spaces of diameter 
no greater than r. 

In what follows, N ^ 2 and Z^r = Z/NZ represents a cyclic group of 
rank A^. Moreover, let e stand for the generator of Zat. Adapting the 
idea of Lipschitz-free Banach spaces generated by metric spaces (see 
e.g. [29], [6]), we introduce 

5.9. Definition. Let X be a nonempty set. For x E X let = Zjv and 
let Zjv[[-^]] = 02;gx ^® direct product of groups -f/^j^'s. That is, 
Zjv[[X]] consists of all functions / : X — ?> Zjy for which the set supp / := 
{x E X : f{x)^0} is finite and ZAr[[X]] is equipped with the pointwise 
addition. Further, let Zn[X] = {/ G Zjv[[X]] : ^.xex /(^) = 0)- It is 
clear that ZAr[X] is a subgroup of ZAr[[X]]. 

For every x E X let x E Zn[[X]\ be such that x{x) — e and x{y) ~ 
for y ^ X. The set {x — y: x,y E X} generates the group Zjv[X]. 
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Whenever d is a metric on X, define p^: Z^vl-^] by 

n 

(5-5) pdif) = irii{Y^ d{xj,yj) : 

n 

n ^ 1, Xi, yi, . . . , Xn, Vn^ X, f = ^{Xj - yj)}. 

J=l 

Tlie triple (ZAr[X], +,Pd) is called the valued Abelian group of exponent 
N generated by the metric space {X,d). 

As we will see in the next result, pd is indeed a value. For need 
of this, let us introduce the following notation. Let {X, d) be a finite 
metric space. If card(X) < 2, let iJi{X) :— 0. Otherwise let 

:= max| min{(i(a;, 7/) : y G X, y x}^ > 0. 

Then we have 

5.10. Proposition. Let {X,d) be a nonempty metric space. For every 

feZM[X]: 

(A) Pd{f) ^ /^(supp/); in particular, Pd is a value, 

(B) ifN^2 andf^O, 

k 

(5-6) Pdif) = min{^ d{xj,yj) : Xi, yi, . . . , Xk, yk are aU different 

and {xi, yi, . . . , Xk, yk} = supp(/)}. 

Proof. First observe that — thanks to the triangle inequality — in the 
formula (5-5) we may consider only such systems xi, yi, . . . , x^, y^ e X 
that 

(5-7) {xi,...,x„}n{yi,...,y„} = 

and — for the same reason — if N — 2, we may also restrict to systems 
xi, . . . ,Xn and yi, . . . , y„ in which elements are different. This proves 
(B). Now assume that N ^ 3, that 

n 

(5-8) / = E(^^-%) 

and (5-7) is fulfilled. Let F = {xi,yi, . . . , ,t„, ?/„}. For a,b E F we write 
a ~ 6 provided there is j G {1, . . . , n} with {a, 6} = {xj,yj}; and a = b 
iff either a = 6 or there are co,ci, . . . ,Ck G F for which cq — a, Ck — b 
and Cj Cj^i ior j — 1, . . . ,k. It is clear that '=' is an equivalence on 
F such that 

(5-9) {j : Xj = a} — {j : yj = a} for each a & A. 
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We infer from (5-7) and (5-8) that supp(/) C F and for each a G 
A, f{a) = card({j e {!,..., n}: Xj = a})t or /(a) — — card({j e 
{1, . . . ,n}: Uj — a})c, and hence 

(5 10) |card({j: a e {xj,yj}}) ^ mod N if a e supp(/), 
|card({j: a & {xj,yj}}) = mod N otherwise. 

Fix a G A. It follows from (5-9) and (5-10) that there is 6 G supp(5') \ 
{a} such that b = a. So, there are Cq, . . . , e A for which cq = a, 
Ck — b and Cj ~ Cj_i for j = 1, . . . , k. Passing into a suitable subset of 
{0, . . . ,k} we may assume that all Cj's are different. This means that 
there are distinct indices z/i,...,z/fc such that {cj,Cj_i} = {x^^,y^.}. 
But then Yl^=i'^{^jjyj) ^ Yl^=id{cs,Cs-i) ^ d{a,b). So, the assertion 
follows from the arbitrarity of a e supp(/). □ 

5.11. Corollary. Let {X,d) be a nonempty metric space and a & X. 
The function 

{X,d) 3 X ^ X - a e (Ziv[^],p<i) 

is isometric. 

If we replace in the above result pd by pd A r, the assertion of Corol- 
lary 5.11 well remain true. It is also clear that Z^vf-^^] is separable 
provided so is X. So, an application of Corollary 4.6 yields 

5.12. Theorem. Every separable metric space of diameter no greater 
than r admits an isometric embedding into the metric space Gr{N). 

5.13. Example. If X is a nonempty set, is a group of exponent 
N, every function u: X ^ H induces a unique (well defined) group 
homomorphism u: Zjv[X] — )> H such that u{x — y) = u{x) — u{y) for 
any x,y E X. What is more, if o? is a metric on X, q is a. value on H 
and u : {X, d) — )■ (if, q) is Lipschitz, it easily follows from the formula 
for Pd that u: {'Lj^[X],pd) — > {H,q) satisfies the Lipschitz condition 
with the same constant as u. Similarly, every function v: X ^ Y be- 
tween two sets induces a group homomorphism v: Tj^IX] — )■ Zn[Y] and 
if v: {X,d) — )■ {Y, g) is Lipschitz, then v: {Zisf[X],pd) — )■ {Zisf[Y],pg) 
satisfies the Lipschitz condition with the same constant as v. 

In particular, if A is a subset of {X, d), the inclusion map of A into 
X induces a nonexpansive group homomorphism of Zjy [A] into Z [X] . 
In case of = 2, the latter group homomorphism is isometric, which 
easily follows from Proposition 5.10 (similar result holds true for the 
Lipschitz- free Banach spaces generated by metric spaces — sec [29]). It 
turns out that for > 2 this homomorphism may not be isometric, 
which is rather strange. Let us give an example based on Example 5.4. 

Let X ^ {0,1,2,..., N} and A = A:\{0}. We equip X with a metric 
d such that for distinct j, k & A, d{j, k) — 1 and d{0,j) = max(l/2, 1 — 
2/N). For clarity, let ^ = d^xA- Put / = Ea6A« ^ ^n[A]. It follows 
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from the argument in Example 5.4 that Pg{f ) = N — 1. However, in 
^n[XI f = EaeA(« - 0) and thus pd{f) ^ N ■ max(l/2, 1 - 2/N) < 
N-1. 

Taking into account Theorem 2.17, Theorem 5.1, Theorem 5.5 and 
the above example, we see that the case of > 2 is 'singular'. 

6. PSEUDOVECTOR GROUPS 

Pseudovector groups were introduced in [18]. Here we shall general- 
ize the results of [18] on pseudovector structures on the (unbounded) 
Boolean Urysohn group, mainly in order to prove that all the groups 
Gr(A^)'s are homeomorphic to the Hilbert space. However, some of 
results of this part may be seen interesting and can play important 
role in theory of topological pseudovector groups. All terms, beside 
the notion of a V-norm, are repeated from the introductory work [18]. 
As before, we restrict our considerations only to Abelian groups. 

Wc begin with 

6.1. Definition. Let F be a subfield of M. A triple {G,+,*) is said 
to be a pseudovector (Abelian) group over F (briefly, an F-PV group, 
or a PV group provided F = M) iff (G, +) is an Abehan group and 
* : F_,_ X G — >■ G is an action such that for any s,t e F+ and x e G, 
0*x = 0, l*x = X, {st)*x = s*{t*x) and the function G 3 t*y e G 
is a group homomorphism. 

A topological pseudovector group over F is an F-PV group (G, +, *) 
equipped with a topology r such that (G, -|-, r) is a topological group 
and the action is continuous. 

A norm on an F-PV group (G, +, *) is a value || ■ || : G — ?> R_|_ such 
that ||t * x\\ = t\\x\\ for each t € F_|_ and a; G G. The norm || • || is 
topological iff the action is continuous with respect to || ■ ||. In that 
case we speak of a normed topological pseudovector group over F (for 
short, a NTPV group over F). 

If G is an F-PV group, K is a subfield of F and A any subset of 
G, by liuK^ we denote the K-PV subgroup of G generared by A, 
that is, liuK A = {YTj=i *aj: n ^ 1, ti,...,tn e K+, ai, . . . , a„ e 
A U {-A) U {0}}. If K = R, we write lin A instead of linK A. 

A group homomorphism u: G ^ H between two F-PV groups is 
linear if u{t * x) = t * u{x) for every t e F_|_ and x E G. 

Our aim is to show that each of the groups Gr(A^)'s may be endowed 
with a 'normed-like' topological pseudovector structure. Since every 
norm on a nontrivial group is unbounded, none of the groups Gi(A^) 
is isometrically group isomorphic to a NTPV group. Thus, we have to 
generalize the notion of a norm. 

6.2. Definition. A function k: R+ — >■ R+ is said to be norming iff k, 
satisfies the following conditions: 
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(NFl) K,{1) = 1 and k,{x) ^ x for each x ^ 0, 
(NF2) K{xy) ^ K{x)K{y) for any x,y e 1R+, 

(NF3) K, is monotone increasing, i.e. k,{x) ^ K(y) provided ^ x ^ 
(NF4) fi; is Lipschitz, that is, there is a constant L' > such that 

1^(0;) — K{y)\ ^ L'\x — y\ for x, y ^ 0. 
(Notice that it is not assumed that k{0) = 0.) 

A (semi)value || ■ || on an F-PV group (G, +, *) is said to be a k- 
(semi)norm iff ^ for each t G F_|_ and x E G. When || ■ || 

is a K-norm on an F-PV group {G, +, *), the quadruple (G, +, *, || • ||) 
is said to be a K-normed ¥-PV group. 

6.3. Remark. In the whole paper, we use (NFS) only two times: in 
(P6) (which finds no application in this paper) and in the proof of 
Lemma 6.13 below, which may be improved so that (NFS) will not 
be applied. The reason for adding (NFS) to the axioms of a norming 
function is just a matter of our personal 'taste'. 

The most important examples on norming functions are id: R_|_ — )■ 
]R+ and V = id VI. We leave these as simple exercises that V is indeed 
norming and that a value is an id-norm iff it is a norm. We call a 
V-norm also a subnorm, and subnormed means V-normed. In fact we 
need only these two functions. However, no additional work is needed 
for arbitrary norming functions and it seems to us instructive to point 
out which properties of id and V are relevant in our considerations. 

The reader should check with no difficulties the following properties 
of every norming function k. Below we assume that L' is as in (NF4). 

(PI) If k(0) = 0, then id ^ k ^ L'id. 
(P2) If /t(0) ^ 0, then V ^ k ^ (L' + 1) V. 
(PS) Every norm is a K-norm. 
(P4) If K,{0) 7^ 0, every V-norm is a K-norm. 

(P5) if k{0) 7^ and || • || is a K-norm, then || • || A 1, and || • ||"^ 

with < a < 1 are K-norms as well. 
(P6) Composition of two norming functions is a norming function. 

As the following result shows, V-norms appear much more often than 
norms. 

6.4. Proposition. Every topological pseudovector group metrizable as 
a topological space admits a V-norm inducing its topology. 

Proof. Let {G, +, *) be a topological pseudovector group. By a well- 
known theorem (see e.g. [2, Theorem 8.8]), there is a value p on G, 
bounded by 1, which induces the topology of G. Now define || • || : G — >■ 
M+by 

.. .. ^p(a * x) . 
X = supl : CK^Ok 

We leave this as an exercise that || • || is a subnorm equivalent to p (use 
the boundedness of p and the continuity of '*'). □ 
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Note that the above result may be apphed to any metrizable topo- 
logical vector space. 

From now to the end of the section k is a fixed norming function and 
L ^ 1 is such a constant that for all x,y 0, 



(cf. (NF4), (PI) and (P2)). Note also that it follows from (PI) that 
k{x) ^ Lx ior X ^ provided k{0) = 0. 

Everywhere below F is a subfield of R and (G, +, *, 1| ■ \\g) is a n- 
normed pseudovector group. At this moment, we do not assume that 
the action '*' is continuous. 

As in [18], we call an element a & G continuous (respectively Lips- 
chitz) provided the function 3 t t * a & G is continuous (Lips- 
chitz). The set of all continuous (Lipschitz) elements of G is denoted by 
Gf{G) {Lf{G)) and in case F = M wc write Q{G) {L{G)). G is said to be 
Lipschitz if £f(G) = G. Similarly, a K-seminorm || ■ ||o on G is Lipschitz 
iff for every a E G there is G R+ such that ||t * a — s * a||o ^ Ga\t — s\ 
for any s,t E IR+. 

The proofs of the next two results are omitted. 

6.5. Proposition. (A) ForaeG, ae Gw{G) iff 



(B) For a eG, a e Lv{G) iff the function F n[0,l] 3 t t * a e G is 
Lipschitz. 

(C) The set Cf(G') is a closed pseudovector subgroup (over ¥) of G 
and Cf(G') is a topological pseudovector group. The set £iv{G) is 
a pseudovector subgroup (over ¥) of Gf{G). 

(D) For every a e Qw{G) the map ¥^ 3 t ^ t * a & G is uniformly 
continuous (as a map between metric spaces) on every bounded 
subset o/F_|_. 

6.6. Proposition. Suppose Cf(G) = G. Let {G,+, || ■ ||) be the com- 
pletion of {G, +, II ■ II g). There is an action *: R+ x G ^ G such that 
{G, +, *, II • II) is a K-normed topological PV group and t * x = t*x for 
te¥+ andx e G. Moreover, Lf{G) = L{G) n G. 

The next result will be used several times by us. 

6.7. Lemma. If there is a E G\{0} such that M := sup{||i * ajjc : t e 
F+} < oo, then k{0) ^ 0. 

Proof. For positive t.s e¥ wc have ||t * x\\g ^ '*(s)||^ * x\\g ^ Mk{s) 
and thus M ^ Mk{s). So, k{s) ^ 1 and the assertion follows. □ 



(6-1) 




lim \\t * a G — 



and 



lim ||a — t * a||G = 0. 
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6.8. Lemma. For every a G Cf(G) and 6 > there exists a constant 
M = M(a, 5) e R+ such that for any s,t e R+, 

(6-2) \\s*a-t* a\\G < M\s - t\ + Sk{s V t). 

Proof. Let 

r\\s * a — t * a\\o — S ^ r 1 / -1 

M = Lsup{^ ^ — : s, t e¥n[0,l], s^t}. 

We infer from point (D) of Proposition 6.5 that M < oo. We shall show 
that M satisfies (6-2). First assume that k,{0) — 0. We know that then 

K{t) ^ Lt for every t G M+. So, for t > s ^ wc have ||s * a — t * ^ 
nlt)\\{s/t) * a - aWc < K(t)[(M/L)(l - s/t) + 6]^ M[t - s) + SK,{t). 

When K,{0) ^ 0, then ^{t) ^ 1 for every t G M_|_ and hence (6-2) is 
fulfilled when i V s ^ 1, by the definition of M. Finally, for i > s ^ 
and t > 1, fi;(t) ^ Lt (see (6-1)) and therefore we may repeat the 
estimations from the previous paragraph to get the assertion. □ 

6.9. Lemma. Let {Dj, +, *, || ■ G (5r{N) be Lipschitz n-normed PV 
groups over F (j = 0,1,2) and ipj: Dq — )■ Dj (j = 1,2) be isometric 
linear homomorphisms. Then there is a Lipschitz PV group {D,+,*, || • 
II) G 'dri^N) over F and isometric linear homomorphisms ipj: Dj ^ D 
(j — 1,2) such that ip2 ° f2 — 4^1 ° fi- 

Proof. If both Di and D2 are trivial, it suffices to take D trivial as 
well. If Di or D2 is nontrivial, we may apply Lemma 6.7 from which 
it follows that /t(0) 7^ if r < 00. Thus, in the latter case we may 
involve (P5). These comments ensure us that we may repeat the proof 
of Lemma 2.19. The details are skipped. □ 

For every valued group {H,+,q) let Lq[H] consist of all functions 
u : R+ — > H for which there are numbers — to < ti <...< tn < 00 
such that u is constant on each of the intervals [tj-i,tj) {j = 1, . . . ,n), 
say u{[tj-i,tj)) = {uj}, and u{t) — lor t ^ tn- We shall abbreviate 
this by writing 

n 

Lq[H] is a Lipschitz normed PV group when it is equipped with the 
pointwise addition, the action given by {t * u){s) — u{s/t) for i > 0, 
s ^ and u G Lq[H] (of course, * = 0) and the norm ||M||g = 
q{u(t)) dt (cf. [18]). What is more, for every nonzero u G Lq[H] 
there arc unique n ^ 1, real numbers < ti < . . . < t„ and nonzero 
elements hi, . . . ,hn G H such that u = tj * hj where for h E H, 
h{s) = /i for s G [0, 1) and h{s) = for s ^ 1. Note that the function 
H 3 h ^ h & Lo[H] is an isometric group homomorphism and every 
group homomorphism ip: H — > K oi H into a group K induces a 
unique linear homomorphism : Lq [H] — > K determined by condition 



UNIVERSAL VALUED ABELIAN GROUPS 



41 



ilj{h) = ip{h) for h G H. Thus, {Lo[H],+,*) may be called the free 
PV group generated by H. A straightforward verification shows that 
(Lo[H],+, II • \\q) is of class Oq or of exponent N provided so is (if, +, q). 

From now on, (6*,+,*, || ■ 11^) is a K-normed PV group. As in the 
previous sections, wc fix r G {1, oo} and N G \ {1}. Additionally, 
we assume the following elementary property: 

(AX) G 7^ {0} or k{Q) ^0 or r = oo. 

(This is because of Lemma 6.7. Precisely, we want to enlarge /t-normed 
PV groups of class (5r{N). When G is trivial and r is finite, this is 
impossible unless k,{0) ^ 0.) 

Our aim is to prove counterparts of several results from Section 1 
on enlarging groups. As we will see, in case of PV groups this is much 
more complicated. 

6.10. Theorem. Let {H, +, q) be a finite valued group, K its subgroup 

and II ■ ||o a Lipschitz K-seminorm on Lq[K\ such that ||/i||o = q{h) 
for h E K . Then there is a Lipschitz K-seminorm on Lq[H\ such that 
11/11 = ll/llo for f G Lo[K] and \\h\\ = q{h) for heH. 

Proof. We assume that H ^ K. Since K is finite and || ■ ||o is Lipschitz, 
there is a constant A ^ 1 such that \\s * h — t * h\\Q ^ A|t — s| for every 
h G if and s,t G M+. Let M = maxg(i7), fi = mm{q{h): h G i^\{0}} 
and A= {\ + ML)/^. For / G Lo[H] put 

n n 

(6-3) 11/11 = inf {All/ -g-J2tj* hj\\, + J2 <h)<l{hj) + ll^llo : 

j=l 3=1 

1, ti, . . . ,tn'^ 0, hi, . . . ,hn e H, g e Lo[K]}. 

It is clear that || ■ || is a K-seminorm on Lo[H] (by (NF2) and (P3)). 
What is more, ||-|| ^^H-H^ which yields that || • || is Lipschitz. Thus, 
we only need to show that ||/|| = ||/||o and \\h\\ — q{h) for / G Lo[K] 
and h E H. The inequalities are immediate (since k{1) — 1). To 
prove the inverse inequalities, first of all note that 

m mm 

(6-4) 11/11 = inf ||| J2 * 9k\\o + - Sj-i)q{Y, ^k) 

k=l j=l k=j 

m 

+ ^ K{sk)q{fk - fk+i + gk + £k)- m ^ 1, = So < ■ ■ ■ < Sm, 

k=l 

fl, ■ ■ ■ , fm ^ H, fm+1 — 0, gi, . . . , gm & K, 

m 

f ^^Sk*{fk- fk+l)}- 

k=l 
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Indeed, under the notation of (6-4), it suffices to substitute 

m 

tk^ Sk, g = - ^Sk* gk and hk = fk - fk+i + Qk + ^k 

k=l 

to obtain the expression as is (6-3) (observe that / = YlT=i * [ fk ~ 

fk+i) iff / = Er=i/fcX[s,_i,.fe); and \\f - g -J2T=i^j*^j\\i = EJLi(sj- 
^j-i)(liYlT=j ^k))- Conversely, in (6-3) we may assume that 
are positive and different and hj 7^ 0. Consequently, we may assume 
that < ^1 < . . . < i„ < 00. Then take = Sq < ■ ■ ■ < < 00 
such that / = Y7=ihX[sk-i,sk), g = Y7=i'"kX[sk-i,sk) i^k e K) and 

* hj = YlT=l'^kX[sk-i,Sk)- Put fm+l = gm+l = U^+l = 0, 

gk = Vk+1 -Vk e K and Sk = Uk - Uk+i - {fk - fk+i) - gk and^check 
that X)J=i f^{tj)q{hj) = ELi K{sk)q{uk-Uk+i), \\f-g-Y^]=itj*hj\\q = 
E^i(si-«j-i)?(/i-^i-%) i^ndfj-Vj-Uj = -T.k=j^k- This proves 
the equivalence of (6-3) and (6-4) (the details are left for the reader). 
So, if / e -C^of-f^], the inequality '||/|| ^ ||/||o' is equivalent to 



X] K-{sk)q{fk - fk+i + gk + £k) + A ^{Sj - Sj_i)q{^ Sk) > 

k=l 3=1 k=j 



m 



^ II ^Sfc * (^ - /fe+i)iio - II y^gfc *^iio 

k=l k=l 

(under the notation of (6-4); in that case fi, ■ ■ ■ , fm ^ K)- So, sub- 
stituting = fk — fk+i + gk ^ K and Asj = Sj — Sj-.i, the latter 
inequality follows from 



(6-5) Aj2{AsMj2 

^k) + X] K{sk)q{hk + Ek) ^ II X Sfc * hk\\o- 

j=l k=j k=l k=l 

We shall prove (6-5) by induction on m. 

When m = 1, we have to show that Asq{e) + K,{s)q{h + e) ^ ||s*/i||o. 
If £ = 0, this follows from the fact that || ■ ||o is a K-seminorm. And if 
£ 7^ 0, we have 

Asq{e) + K{s)q{h + e) ^ A/is ^ A|s — 0| ^ ||s * h\\o. 

Now assume that (6-5) is satisfied for m — 1. We distinguish between 
three cases. 

Firstly, assume that EfeLj^fc 7^ for each j G {!,.... m}. In that 
case the left-hand side expression of (6-5) is no less than A/i 
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and 



J2 >^Y1 ~ ^ 



mm m 



^ II "^[^j * i^hk) - Sj-i * {^hk)]\\o = II X^Sfc * ^fcllo, 

j=l k=j k=j k=l 

which gives (6-5). Secondly, if Sm = 0, the assertion follows from (6-5) 
for 'm — 1'. 

Thirdly, assume that Em ^ and there is z G {1, . . . ,m} such that 
'^k=z^k ~ ^- assume that z is the largest natural number 

with this property. This yields that z < m and 

m m 

(6-6) ^£^, = 0^ ^ 

k=z k=z+l 

Let us define 

{"^0' • • • 5 ^m—1 — ^0) ■ ■ ■ ) ^z—lj ■ ■ ■ , 

^'l' • • • ' ^m-1 = • • • ) ^z-lj £z + £z+l, ^z+2, ■ ■ ■ 1 ^m-i 
h'l, ■ ■ ■ , h'^-i = /il, . . . , hz^l, hz + /iz+l, ■ ■ ■ , hm- 

We infer from induction hypothesis that 

m— 1 m—l m—1 m—1 

(6-8) AY,{^s',)q{Y, 4) + Kis'MK + 4) ^ II E 4 * K\W 

j=l k=j k=l k=l 

It is easily verified, thanks to (6-6) and (6-1), that 

m m 

(6-9) Aj2i^sMT.'k) = 

j=l k=j 

m—l m—1 m 

= ^E(A4)g(J]4) + ^(A5,+0?(E 

j=l k=j k=z+l 

and 

m 

(6-10) A(As,+^)q{ ^k) > (A + ML)(As,+i) ^ 

^ ||Sz+l * - * ^^llo + g(^z + £z)[«(Sz+l) - «(Sz)]. 

Further, 

m m—1 

(6-11) E + = E «(4)?(^fe + 4) 

fc=l A;=l 

+ [n{sz)q{hz + Ez) + K{sz+i)q{hz+i + E^+i) - K{s'z)q{h'z + e'^)] 
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and 

(6-12) [q{h, + e,) + q{h,+i + £^+i)]k(s,+i) - K{s',)q{h', + s'J ^ 0. 
So, (6-9), (6-10), (6-11) and (6-12) yield 

rn m rn m—1 m—1 

j=l k=j k=l j=l k=j 

m—1 

+ ^ K{s'k)q{h'k + e'l.) + \\sz+i *hz- s^* /i^||o 

k=l 

and hence (6-5) follows from (6-8). 

We now pass to the proof that \\x\\ ^ q{x) ior x e H \ {0}. Under 
the notation of (6-4), when f — x, there is I e {1, ■ ■ ■ , m} for which 
si = 1 and then fj=xiorj = \,...,l and fj — otherwise. Hence, 
(6-4) has the form (recall that k{1) = 1): 

mm m 

A ^(Asj-)gf(^ Sk) + ^ K,{sk)q{gk + £fe) + II X] * ^11° 

j=l fe=j ki^l k=l 

+ q{x + gi + ei) ^ g(x), 
which is equivalent, after replacing gj by hj, to 

m m 

(6-13) A ^(As,)g(^ £fc) + ^ «;(sfe)g(/ife + £fe) 

j=l k=j k^l 

m 

+ II Sfe * /Tfello > q{hi + Si) 

k=l 

(where hj & K). As before, we shall prove (6-13) by induction on m. 
When m — 1, also I — 1 and hence we need to show that 

Aq{e) + \\h\\o ^ q{h + e) 

which easily follows since A^ 1 and \\h\\o — q{h) for h e K. 

Suppose (6-13) is fulfilled for m — 1. We distinguish between several 
cases. When J2T=j^k ^ each j, the left-hand side expression of 
(6-13) is no less than AfiSm ^ Msi ^ q{hi + Si). 

If = and m^l, (6-13) follows from induction hypothesis. Now 
assume that Si — 0. Let s^-, h'^, e'j {j — l,...,m — 1) be systems 
obtained from Sj, hj, Sj by erasing the Z-th members. Making use of 
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(6-5), we see that 

rn m rn 

A ^{Asj)q(^ Ek) + ^ K{sk)q{hk + Sk) + II Sfe * hk\\o = 

j=l k=j kj^l k=l 

m—1 m—1 m—1 m—1 

A J](A4)g( J] 4) + Yl <^'k)<iiK + 4) + II *K + si* hiW^ 

3=1 k=j k=l k=l 

m—1 m—1 

^ II X] 4 * '^fcllo + II Y ^'k * ^'k + ^'llo ^ ll^'llo = ^i^l + ^l)- 
k=l k=l 

So, we may now assume that Em ^ and there is z such that YlT=z = 
0. Again, let z be the largest natural number with this property. We 
conclude from this that z < m and (6-6). We shall separately consider 
the cases when z ^ {I — 1,1}, z — I — 1 or z = I. 

When z ^ I — 1,1, define systems s'j, e'j and h'j as in (6-7), and let 
r e {1,. . . ,171-1} corresponds to /. Note that (6-9), (6-10) and (6-12) 
are fulfilled. Moreover, instead of (6-11) we have 

^ fi;(sfc)g(/ifc + £fc) = Y f^isk)q{hk + Ek) 

kjtl kjtz,z+l,l 

+ [K{s,)q{h, + e,) + K{s^+i)q{h,+i + e,+i)] = ^ K{s',,)q{h',, + 4) 

k<m 

kytl' 

+ [i^{Sz)q{hz + £z) + n{s^+i)q{h^+i + £^+i) - K{s'Jq{h'^ + e'^)]. 

The reader will now easily check that (6-13) is satisfied, thanks to the 
induction hypothesis (since h'^, + e'l, = hi + ei). 

U z = I — 1 {I > 1), proceed in the same way. Here I' = I — 1 and 
instead of (6-11) one has 

fi;(sfc)g(/ife £fe) = Y f^{sk)q{hk + ek) + i^{si-i)q{hi_i+ei_i) 

k+l k+l-l,l 

= Yl '^(4)?(^fe + 4) + i^{si-x)q{hi-i + £i-i). 

k<m 
ki^V 

Combination of induction hypothesis, (6-9), (6-10) and the above in- 
equality reduces (6-13) to 

q{h!y + 4) + q{hi_x + £i-i) > q{hi + ei) 
which is fulfilled because /ij, = -|- hi and sj, = £;_i -|- 
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It remains to check what happens ii z = I. From the maximahty of 
z we infer that '^^=3 ^fc 7^ for j' > Z and thus 

mm m 

(6-14) A J2 i^Sj)q(J2^k) ^Af,J2 ('J - 'o-i) > 

m mm m 

- ^i-ii > II XI * E ~ * E ^^)]iio = 

m mm 

= II X] |sfc *hk- Si* hk]\\o =11 Sfe * /^fe - X] /ifello- 

fe=i+i fc=i+i fc=i+i 

Further, it follows from (6-5) that 

i-i i-i i-i i-i 

^ ^i^^M(^ ^k) + ^ K'{sk)q{hk + £k) > W^Sk* hkWo- 

j=l k=j k=l k=l 

This, combined with (6-14), gives 

mm m 

A^i'^^j)(i(^^k) + ^K-{sk)q{hk + £k) + II X^Sfe * ^fello = 

j=l k=j k^l k=l 

l-l l-l l-l m 

^ A^^{/^Sj)q(^ek) + ^^K,{sk)q{hk + Sk) + ^ K{sk)q{hk + Ek) 

j=l k=j k=l k=l+l 

m m m l—l 

+ {Asj)q{^ek) + II J^Sfe * hWo >\\^Sk* hk\\o 

j=l+l k=j k=l k=l 

m m m m 

+ Skq{hk + ek) + \\ X Sk*hk- /^fc||o + II * /TfeHo ^ 

k=l+l k=l+l k=l+l k=l 

m m 

> X q{hk + Ek) + \\si * hi + X hk\\o> 

k=l+l k=l+l 

m m m m 

> qi"^ hk+ Yl ^'t) + ^ ~ 

k=l+l k=l+l k=l k=l+l 

but-Efe L^+i £fe — (by (6-6)), which finally finishes the proof. □ 
As a corollary of the above result, we obtain 

6.11. Theorem. Let {H,-\-,q) e (5r{N) be a finite valued group, K be 

a subgroup of H , {G, +, *, || ■ \\g) be a Lipschitz K-normed pseudovector 
group such that (G, +, || ■ \\g) G &r{N) and (AX) is fulfilled. And let 
(p: K ^ G be an isometric group homomorphism. There is a Lipschitz 
K-normed PV group {G, +, *, \\ ■ ||) D (G, +, *, || ■ \\g) and an isometric 
group homomorphism ip: H ^ G such that {G,-\-, \\ ■ ||) e ^r{N) and 
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Proof. Let ip: Lq[K] — )■ G be the linear homomorphism induced by 
<fi. Define || • ||o: Lo[K] ^ R+ by ||/||o =J|^(/)||g- Then || • ||o is a 
Lipschitz K-seminorm on Lo[i^] such that ||/i||o = q{h) for h & K (since 
(p is isometric). So, according to Theorem 6.10, there is a Lipschitz 
K-seminorm || ■ \\h on Lo[H] which extends || ■ ||o and satisfies \\h\\H = 
q{h) for h e H. Now let H = Lo[H]/{f E Lo[H]: \\f\\H = 0} be 
the PV group equipped with the Lipschitz K-norm induced by || ■ 
let tt: Lo[H] — )■ if be the quotient linear homomorphism and K — 
7r(Lo[i^]). Observe that there is an isometric linear homomorphism 
(p: K ^ G such that ° — ^- To this end, apply Lemma 6.9 

to (f and the inclusion map of K into H in order to obtain G. Finally, 
involve Lemma 6.7 and (P5) if needed. □ 

6.12. Lemma. Suppose a G Q{G) \ {0} is of finite rank. For each e > 
there is a PV group (G, +, *, || ■ ||) D {G, +, *, || • and b e ^{G) such 
that rank(6) = rank(a) and \\a — b\\ ^ e. 

Proof. Let H = (a). The homomorphism Z 3 k ka E H G G in- 
duces linear homomorphisms ipc- Lo[Z] G and ipn- Lq[Z] Lq[H] 
such that '0g(1) — a and ^/'^(l) = a. Let S be the discrete value 
on H and N ^ 2 he the rank of a. We equip Lo[Z] with the re- 
norm II ■ ||k defined as follows. When / G -C/o[Z] \ {0}, there are 
unique n ^ 1, < ti < . . . < t„ < oo and ki, . . . ,kn G Z \ {0} 
such that / = Yl'j=i^j * We put ||/||k = X]J=i'^(^i)- Further, let 
M = M{a,e/N) be as in Lemma 6.8. Put A = NM, G = G x Lq[H] 
and define a re-seminorm || • || on G by 

\\{g, f)\\ = ini{\\g - ^g{u)\\g + e\\u\\, + A\\^h{u) - /||,: u G Lo[Z]}. 

It is easily seen that || ■ || is a re-seminorm on G such that ||((7, /)|| > 
for / and ||(5',0)|| ^ WqWg for every g e G; ||(a,a)|| ^ e and 
11(0^/) II ^ AII/II5 for / G Lo[H]. The latter will imply that (0,a) G 
L{G). So, if we show that ||((y',0)|| ^ \\g\\, \\ ■ \\ will be a re-norm and 
the proof will be completed. The latter is equivalent to 

(6-15) e\\u\\, + A\\^|;H{u)\\s > \\M'^)\\g 

where u G Lq[Z]. Wc may assume that u ^ 0. Writing u = YlT=i ^k*h 
with = Sq < . . . < Sm and /i, . . . , G Z \ {0}, and putting Uj = 
YlT=j we obtain ||m||«, = YJk^^ K{sk), u = EfcLi('^fc * i^k - Sk-i * Vk), 
i^niu) = EfeLi("5fc *i^a- Sk-i * i^a) and ^g(m) = EfcLiI-^fc * i^^ka) - 
Sk-i * (i^fco)]. Consequently, ||V'if(ti)||5 = Ylk=ii^k - Sk-i)S{uka) and 

e\\u\\^ + A\\ijH{u)\\s-\\iJG{u)\\G > 

m 

^[eK,{sk) + A{sk - Sk-i)S{uka) - \\sk * (i^feo) - Sfe-i * (i^fca)||G]. 

k=l 
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So, (6-15) will be fulfilled if only 

||s * (ma) — t * (ma) ^ A|s — t\5{ma) + eK{s V t) 

for every s,t E IR+ and m G Z. Since rank(a) = A^, we may assume that 
< m < A^. But then, by the definition of M, \\s* (ma) —t* (ma) ||g ^ 
m\\s*a-t*a\\G < N[M\s-t\ + {e/N)K{syt)] = A\s-t\5{ma)+eK(syt) 
and we are done. □ 

6.13. Lemma. Suppose a e C(G)\{0} is such that lim„_^oo = 

0. For every e > there is a PV group {G, +, *, \\ ■ \\) D (G, +, *, || • \\g) 
and an element b e £/{G)fin such that \\a — b\\ ^ s. 

Proof. Take N ^2 such that for every n N, 
(6-16) ^ ^ 2- 

Further, let M = M{a,e/{2N)) be as in Lemma 6.8. Put A = NM. 
Let H = (b) be a cyclic group of rank N and 6 denote the discrete 
value on H. Now put G ^ G x Lo[H] and define || • || : G ^ R+ by 

m mm 

||(^,/)||=inf{|b-^s,*(Z,a)||G+£^«:(«,)+A||5]s,*(Z,6)-/||,: 

j=i j=i j=i 

m ^ 0, Si,...,Sm>0, h,...,lm^ {-1, !}}• 

As in the previous proof, observe that || ■ || is a K-seminorm such that 
11(^7, /)|| > OprovidcdJ ^ 0, \\{g,0)\\ ^ Mg, ||(0,/)|| ^ A\\f\U {g G G, 
/ G Lq[H]) and ||(a,6)|| ^ e. So, if only we show that ||(5,0)|| ^ ||^||g 
for g e G, the proof will be completed (because then || ■ || will be a 
K-norm and b G £'{G)). The latter is equivalent to 

mm m 

(6-17) eJ2K{sk) + A\\Y,Sk*{lkb)\\s > || * (Mile 

k=l k=l k=l 

for every m ^ 0, G M+ and G { — 1,1}. We 

may assume that m ^ 1 and then, when m and li, . . . J^n a-re fixed, 
both the left-hand and the right-hand side expressions of (6-14) are 
continuous with respect to Si,...,Sm- Hence we may assume that 
si,...,Sm are positive and different. Finally, after renumeration, we 
may have — sq < si < . . . < Sm- But then || Y7k=i-^k * (4&)||5 = 
T.7=^{i^Sj)5{YJ^^.lkb) (where, as usually. As,- = s,- -s,_i). So, (6-17) 
changes into 



mm m 

(6-18) I + E[^(^^^)^(E ^^^) + 

j=l j=l k=j 



* {lja)\\G. 
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Now we shall construct a system of natural numbers {uq, . . . , Vz] (for 
some 2; ^ 1) for which 

(EO) = i/^ < . . . < i/Q = + 1, 

(El) for every j', k with 1 ^ z and i^k < j < ^k-i, 

I Yl ^^i<^' 

s=j 

(E2) for every k with 1 ^k < z, 

I E ^^H^- 

S=i/j, 

Put Uq = m + 1 and suppose z/p is defined for some p ^ 0. If either 
z/p = 1 or I ^^L]^ /s| < for every j E {1, . . . , z/p - 1}, put z/p+i = 
and z = p+1 and finish the construction. Otherwise, take the greatest 
natural number z/p+i e such that I E7=ul+, ls\ > N. 

Since \ls\ — 1 for every s, one has | X^sL^p+i — The verification 
that (E0)-(E2) are fulfilled is left as an exercise. 

For simphcity, let Iq — 0. Now it follows from (E2) that 

(E3) for every j, k with Q ^k < z and v^+i ^ j < J^k, 

s=j s=j 

(recall that rank(6) — N). Thanks to (E3), we have 

m m 

(6-19) J2iA{As,)S{J2^kb) + '-K{s,)]^ 

j=l k=j 

k=0 j=i'fc+i+l q=j 

Further, when ^ k < z, 

E * (^^'■") = E * (E ^''^ ~ E ^^a) = 

i/j. — 1 i^fe — 1 I'it '^fc — 1 

= E «J*(EW- E * (E ^s'^) = 

j=i/fc+l q=i j='^fc+l+l ?=j 
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and therefore (by (E2), (6-16) and the fact that Sy^ = 0): 

j=Vk+i k=0 j=Uk+i 

z-l 2-1 

k=0 j=!^fc+i+l q=j k=l 

z-l !^fe-l 2-1 

Yl \Yh\-yj*^- ^j-^*(^\\G+^NY^^isyk)■ 
k=o j=i^fc+i+l q=j k=l 

So, taking into account (6-19), we see that (6-18) will be satisfied pro- 
vided 

i^/j- 1 ffc— 1 

(6-20) I Y^ h\ ' W^j * 0, ~ Sj-i * ^^||g ^ A(Agj)(5(y~^ Iqb) + ^n{sj) 
g=j q=j 

whenever i/^^i < j <Vk {k — . . . ,z — 1) and 

2—1 m 

(6-21) nY<^^u) ^Y<'i)- 

k=l j=l 

To prove (6-20), put A = X]g=j^ ^9 ^ ^ — ^^'^ ^ — -^j-i- By (El), 
^ A < iV. When A = 0, (6-20) is clear. And if A 7^ 0, 6{Xb) = 1 and 
then, by the definition of M, 

X\\t * a - s * a\\G ^ N{M\t -s\ + ^i^{t V s)) = A\t - s\6{Xb) + -K{t) 

which gives (6-20). 

Now we pass to (6-21). By (E2), N ^ 1/^-1 - Uk ior k ^ 1, . . . , z - 1. 
So, by (NF3) we obtain 



z-l z-l !^fc-l-l 2-1 !^fc-l-l 



^Y<'^^)^Y Y <^-u)^Y Y <83)^Y<'- 

k=l k=l j=Uk k=l j=Uk i=l 



which finishes the proof. □ 

As an immediate consequence of (P5) and Lemmas 6.7, 6.12 and 6.13 
we obtain 

6.14. Theorem. // (G, *, || ■ ||g) is a K-normed topological pseudovec- 
tor group such that (6*,+, || • ||g) G ^r{N), there is a K-normed pseu- 
dovector group {G, +, *, || ■ ||) D {G, +, *, || ■ \\g) such that {G, +, \\ • ||) e 
*3r{N) and the set L{G)fin is dense in G. 
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7. Proof of Theorem 1.3 

Let r G {1, oo}, e Z_|_ \ {1} and k be a norming function. As it is 
easily seen, Theorem 1.3 immediately follows from 

7.1. Theorem. Let {G,+,*,\\ ■ \\g) be a n-normed topological pseu- 
dovector group such that {G,+, \\ ■ \\g) G &r{N) and (AX) is fulfilled. 
There is a K-normed pseudovector group {G, +, *, || • ||) D {G, +, *, || • 
such that the set L (G) /j„ is dense in G and the valued groups G and 
Gr{N) are isometrically group isomorphic. 

The above result strengthens and generalizes [18, Theorem 4.3]. The 
proof of Theorem 7. 1 will be preceded by 

7.2. Lemma. Let (G", +, *, || • ||') be a Lipschitz K-normed pseudovector 
group such that {G', +, || • ||') e <3r{N) and (AX) is satisfied. Let D and 
F he, respectively, a countable subset of G' and a countable subfield of 
M. For every countable family S) of finite valued groups of class &r{N) 
there is a Lipschitz K-normed pseudovector group (G",+,*, || ■ ||") D 
(G', +, *, II • II') such that {G", +, || • ||") e &riN) and with the following 
property. Whenever H & S), K is a subgroup of H and (p: K ^ 
linp D <Z G' is an isometric group homomorphism, there is an isometric 
group homomorphism ip: H ^ G" which eoctends </?. 

Proof. Let D' = liufD. Since every member of is a finite group 
and D' is countable, the family {(f.K^ D'}, where K runs over 
all subgroups of members of and ip is an isometric group homo- 
morphism, is countable. So, the assertion follows from induction and 
Theorem 6.11. □ 

Proof of Theorem 7.1. Thanks to Theorem 6.14, we may and do 
assume that A = L{G)fin is dense in G. Let Aq be a countable dense 
subset of A. Note that linAo is a dense Lipschitz PV subgroup of 
G and, as a group, of class For purpose of this proof, let us 

call a K-normed PV group (£■, -|-, *, || ■ H^) of class £r(^)/m provided 
{E, +, II • We) e (5riN) and E = L{E) fi^,. 

We shall construct, making use of induction, sequences (F„)^q, 
(G„, +, *, II ■ ||„) and (-Dn)^o ^'^ch that for every n ^ 0: 
(1„) F„ is a countable subfield of M, 

(2n) {Gn, +, *, II ■ ||n fini 

(3„) Dn is a countable subset of G„ and G„ = lin£)„, 
(4„) Fo = Q and for n > 0, 

F„ D F„_i U {|b||n-i : 9 e linF„_i D„_i}, 

(5„) Go = lin^o s-nd || • ||o is inherited from || • \\g; and for n > 0, 

(G„,-F, *, II • ||„) D (G„_i,-F, *, II • ||„_i) and D -Dn-i, 

(6„) for n > 0: whenever (if, -|-, q) e 0r(A^) is a finite valued group 
with q{H) C F„_i and (p: K ^ \mf^_^ is an isometric group 
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homomorphism of a subgroup K oi H, there is an isometric group 
homomorphism ijj: H ^ linp^ which extends (p. 

Define Fq and Go as in (4o) and (5o) and put Dq — Aq. Suppose that 
for some n > we have defined F„_i, Gn-i and -D„_i with suitable 
properties. Let he a countable family of all (up to isometric group 
isomorphism) finite F„_i-groups of class (3r{N) (cf. Definition 3.1). 
Take a Lipschitz K-normed PV group {G", +, *, || ■ ||") which witnesses 
the assertion of Lemma 7.2 for S), G' = Gn-i, F = F„_i and D = 
Dn-i- Further, let ^ be the family of all pairs ((/?, H) with H E Sj and 
ip: K ^ liiiF„_i Dn-i an isometric group homomorphisms where K is 
a subgroup of H. The collection ^ is countable. For each (99, H) E ^ 
let (p: H ^ G" be an isometric group homomorphism extending (/?. 
Now put Dn = Dn-i U U(^^^)gj^(iy) and G„ = linD^ C G" . Let 
II ■ ||„ be the K-norm on G„ inherited from || ■ ||" and F„ be the subfield 
of M generated by F„_i U {||5'||n: 9 ^ D^}. It is easy to verify that 
conditions (l„)-(6„) are fulfilled. 

Having the sequences (F„)^q, (-D„)^o ^""^ (G'n)^O' define the PV 
group ((5,+,*, II ■ ID as the completion of U^o(^"' +' *' II ' lU) (c^- 
Proposition 6.6), F = U^o ^'^d D = IJ^o Note that 

(G,+,*,||-||)d(G,+,*,||-||g) 

(since Go is dense in G) and h — liuF-D is dense in G. Further, ID 
is isometrically group isomorphic to FGr(A^), which follows from the 
construction. Thus, to this end it remains to apply Proposition 3.9. □ 

As sonsequences of Theorem 7.1 we obtain (see Proposition 6.4) 

7.3. Theorem. Letr e {l,oo}. Every separable metrizable topological 

pseudovector (Ahelian) group is isomorphic (as a topological PV group) 
to a pseudovector subgroup of a subnormed topological PV group which 
is isometrically group isomorphic to Gj.(0). 

8. Topology of G^(A^)'s 

This part is devoted to the proof of the following 

8.1. Theorem. Each of the topological spaces Gr{N)'s is homeomor- 
phic to the Hilbert space I2. 

Note that Theorem 8.1 for G {0, 2} follows from Theorem 5.1 and 
the result of Uspenskij [28] . However, the proof presented here needs no 
additional work for such N and thus we give the proof of Theorem 8.1 
in its full generality. We shall do this making use of Theorem 1.3. 

Before we pass to the proof of Theorem 8.1, we have to recall some 
notions and results of infinite-dimensional topology. First of all, recall 
that the space I2 is the Banach space consisting of all square summable 
real sequences equipped with the norm ||(a„)^i||2 = (Z^^i ct^)^^^- 
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A metrizable space X is said to be an absolute retract iff it is a 
retract of any metrizable space in which X is embedded as a closed 
set. The space X is homotopically trivial provided every map of the 
boundary of [0, 1]" (for arbitrary n ^ 1) into X is extendable to a map 
of the whole cube [0, 1]" into X. Observe that under such a definition 
the empty space is homotopically trivial. A subset Y of the space X is 
said to be contractible in X if there is a map if : F x [0, 1] — >■ X such 
that H{y, 1) = y for each y E Y and the map H{-, 0) is constant. An 
elementary result concerning contractibility and homotopical triviality 
says that if every compact nonempty subset of a metrizable space M 
is contractible in M, then M is homotopically trivial. 

Toruhczyk in his famous works [22, 23] has given a characterization 
of metric spaces which are homeomorphic to 12- Based on his results, 
Dobrowolski and Toruhczyk [4] has proved the following theorem, which 
will be one of tools of this section. 

8.2. Theorem. A separable completely metrizable topological group is 
homeomorphic to I2 iff it is a non-locally compact absolute retract. 

Thus, according to Theorem 8.2, in order to prove Theorem 8.1, 
we only need to show that each of the spaces Gr{Nys is an absolute 
retract (that Gr{N) is non-locally compact it easily follows from The- 
orem 5.12). We shall prove this involving a very convenient criterion 
due to Toruhczyk [21] (cf. [16, Theorem ?.??]) a special case of which 
is formulated below (compare with the proof in [28]). 

8.3. Theorem. // the intersection of every finite nonempty collection 
of open balls in a metric space {X, d) with centres in a given dense 
subset of X is homotopically trivial, then X is an absolute retract. 

Now we are ready to prove Theorem 8.1. It turns out that the 
argument is slightly more complicated in case of bounded groups than 
in the unbounded case (the main reason for this is that there are no 
nontrivial bounded norms on PV groups). Thus, we divide the proof 
into these two cases. 

Proof of Theorem 8.1 for r = 00. Let D = Gr{N)fin and p be 
the value of Goo(-/V)- By (G3), D is dense in G^oiN). Take arbitrary 
points xi, . . . ,Xn & D and radii ri, . . . , r„ > 0. Let B = f]^^i Bp{xj, rj) 
where Bp{xj,rj) = {z E Goo{N): p{z — Xj) < rj}. We may assume 
that B is nonempty. We shall show that B is contractible (in itself). 
Since translations x ^ x + a {a E Goo{N)) are (bijective) isometries 
on Goo (A'"), we may also assume that e B. This means that 

(8-1) P{xj)<rj (j = l,...,n). 

Let H — {xi, . . . , Xn). Observe that H is a finite group. Denote by q 
the restriction of p to H. Then {H,+,q) e (5oo{N) and consequently 
{Lo[H],+, II • \\q) e 0oo(-^)- Notice that ip: H 3 h t-^h e Lo[H] is an 
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isometric group homomorphism. By Theorem 1.3, there is a normed 
topological PV group {G, +, *, || • ||) D {Lo[H], +, *, || • such that G 
and Goo{N) are isometrically group isomorphic. So, thanks to (UEP), 
there is an isometric group isomorphism ip : G^oiN) — )■ G which extends 
(p. Define H: Bx [0,1] ^ Goo(iV) by H{y,t) = ij-\t * ip{y)). We see 
that H is continuous and H{y, 0) = and H(y, 1) = y for y e B. So, 
it suffices to check that H{B x [0, 1]) C -B. 

For y e S, i e [0, 1] and j e {1, . . . , n} we have, by (8-1), 

p{H{y,t)-x,) = \\t*ij{y)-i,{xj)\\ ^ 

^ ||t * ^(y) - t * V^(a;j) II + ||t * %l){xj) - ij{xj)\\ = 
= t\\i^{y - Xj)\\ + \\t * £j - xj\\q = tp{y - Xj) + (1 - t)p{xj) < rj 

and we are done. □ 

Proof of Theorem 8.1 (for arbitrary r). We shall improve the pre- 
vious argument so that it will work also in bounded case. Let D; p; 
Xi, . . . ,Xn G D; ri, . . . , r„ > and B be as in the previous proof. As 
there, we may and do assume that (8-1) is fulfilled. Let be a compact 
subset of B. We shall show that K is contractible in B. 

For j e {!,... 1 n}, let qj — max{p(2; — xj): z E K \J {0}} < rj. Let 
£ > be such that 

(8-2) g,+2e<rj (j = l,...,n). 

Further, take wi, . . . ,wi & D ior which 

I 

(8-3) Bp(wk,s)nK (k^l,...,l) and K C [J Bp{wk,s). 

k=l 

The above implies that 

(8-4) p{wk - Xj) ^ Qj + s (j e {l,...,n}. A; e {1,...,/}). 

Let H = {xi, . . . ,Xn;wi, . . . ,wi), q denote the restriction of p to if and 
let II ■ \\h = II ■ llg Ar. Then {Lq[H], +, *, || ■ ||j:;-) is a Lipschitz subnormed 
PV group such that {Lo[H],+,\\-\\h) e (&r{N) and the function : H3 
h ^ h & Lq[H] is an isometric group homomorphism. Again, we 
conclude from Theorem 1.3 that there is a subnormed topological PV 
group (G, *, II • II) D {Lq[H], +, *, II ■ \\h) such that G and Gr{N) are 
isometrically group isomorphic. Therefore, there is an isometric group 
isomorphism ip: Gr{N) — )> G which extends (p. Define H: K x[Q,l] ^ 
Gr{N) as before: H{y, t) = '4>^^{t*'4>{y)). We only need to show that H 
takes values in S. To this end, let y e i e [0, 1] and j G {1, . . . , n}. 
Take A; e {1, . . . , Z} such that p{y — Wk) < e and, using (8-2) and (8-4), 
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observe that 

p{H{y,t)-Xj) = \\t*iP{y)-ij{x,)\\ ^ 

^ \\t*ilj{y -Wk)\\ + \\t*ilj{wk) --0(2^^)11 ^ 
^ V{t)\\ij{y -Wk)\\ + ||t*^^-,x;-|| = 

= p{y - Wk) + tp{wk - Xj) + (1 - t)p{xj) ^ 

^ £ + t{gj +£) + (!- t)gj ^ Qj + 2e < rj 
which finishes the proof. □ 

9. SUBNORMED TOPOLOGICAL PV GROUPS OF CLASS Cqo 

In this section all groups are subnormed topological pseudovector. 
Observe that if || • || is a subnorm on G, then for every g & G the function 
(0,oo) 3 t I-)- e R+ is monotone decreasing. Consequently, 

there is a finite limit 

II II r \\^*9\\ 
\\g\\^Q = lim 



t—^CX) t 

The function || ■ ||*o • G — )■ M+ is a scminorm on G such that || ■ ||*o ^ || ■ ||- 
In particular, G^q = {g E G: H^fH^o = 0} is a closed PV subgroup of 
G. We call G of class O^o iff || • ||*o = or, equivalently, if G = G^q. 

9.1. Definition. A subnormed PV group G is of class Oqo if G is of 
both classes Oo and C*o- That is, G is of class Coo if for every g E G, 

lim — — — — lim ^t^E^L = g. 

t—^oo t n—^oo n 

We call an element a of G bounded provided lin{a} is a (metrically) 
bounded subset of G. Let us denote by Gbd the set of all bounded 
elements of G. Let £(G) = n Gfi^ n G^- So, £(G) is a PV 

subgroup of G consisting of all finite rank elements which are both 
Lipschitz and bounded. It is easily seen that G is of class Oqq provided 
£(G) is dense. We want to prove the 'converse' of this statement, 
namely 

9.2. Theorem. A subnormed topological PV group G is of class Oqo 
iff' it may be enlarged to a subnormed PV group G such that £(G) is 
dense in G. Moreover, if G E &r{N) flOoo? above G may be chosen 
so that G e 6r(iV). 

Theorem 9.2 is an almost immediate consequence of 

9.3. Lemma. Let a G C(G) \ {0} be such that a G Gq* fl G*o. For every 
£ > there is a subnormed PV group (G, +, *, || • ||) enlarging G and 
b e £(G) such that \\a — b\\ ^ e. What is more, z/rank(a) < oo, then 
rank(6) = rank(a); and \\ ■ \\ is bounded by 1 provided so is the subnorm 
ofG. 
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Proof. We mimic the proofs of Lemma 6.12 and Lemma 6.13. Let 
II • ||g denote the subnorm of G. If a has finite rank, let N — rank(a). 
Otherwise let > 2 be as in (6-16). Put k = V. Take T > 1 such 
that for each t ^ T, 

(9-1) A^||i *a||G ^ £i. 

If rank(a) < oo, repeat the proof of Lemma 6.12 (below we use the 
same notation as there) with || • || replaced by 

||(^, /) II = inf {||^ - Mu) \\g + s\\u\\, + A(Uh(u) - fWs A T) : 

u e Lo[Z]}. 

If rank(a) = oo, repeat the proof of Lemma 6.13 with 

m m 

\\(g, f) II = inf {|b M \\G + eJ2 

m 

+ ^[||J]5,*(/,6)-/||,AT : 

m ^ 0, si, . . . , ^ 0, li,...,lm& {-1, !}}■ 
In order to show that ||(5i,0)|| ^ WqWg for 9 £ G, distinguish between 
two cases: when ||-?/'j:/(-u)||5 ^ T (respectively || Y^^=i^j * (^i^)ll<5 ^ ^) 
and when the latter is false. In the first case just copy the original 
proof of suitable lemma. Here we only show how to derive the second 
case. ^ 

First assume rank(a) < oo. Write u — YlT=i * h with — Sq < 
... < Sm and li, . . . ,lm G Z \ {0}. Let z G {0, . . . , m} be such that 
Sz ^ T and Sz+i > T. Put u' = Xlfc=o"^*: * h ^ -^o[Z]. Notice that 
Uh{u')\\s < T, \\M^^)\\g < ||^G(«')llG + Er=.+i \\sk*{ka)\\G and, by 
(9-1), llsfe * (/A;a)||G ^ ssk = eK{sk) for k > z. So, 



\\Mu)\\g < \\Mu')\\g + e J2 



k=z+l 



^eY,<Sk) + A\\ijHiu')\\s + e ^ fi;(sfc) ^ £ ^ fi;(sfc) + = 

k=l k=z+l k=l 

^e\\u\U + A{UH{y')\\s^T) 

which gives the assertion. 

When rank(a) = oo, argue in a similar way. Assuming that = Sq < 
. . . < Sm and taking z G {0, . . . , m} for which ^ T and Sz+i > T, 
observe that || Sfc * {l'ki>)\\s ^ T and (by Lemma 6.13) 

z z z 

II ^Sfe * (/fca)||G ^ e^K{sk) + A\\^Sk * {lkb)\\s- 

k=l k=l k=l 



UNIVERSAL VALUED ABELIAN GROUPS 



57 



Further, it follows from (9-1) that \\sk * (/fca)||G ^ for k > z 

(recall that Ik G {—1, 1}). Hence 

m z m 

\\^Sk*{lka)\\G ^\\^Sk*{lka)\\G + £ ^(sfc) ^ 

k=l k=l k=z+l 

m mm 

^ e J2 <Sk) + AT^eJ2 <^k) + A [|| ^ * {kb) \\s A T 

k=l k=l k=l 

which is equivalent to || ((7,0)11 ^ ||5'||g- 

Finally, replace || • || by || • || A 1 if || • Hg ^ 1. The details are left for 
the reader. □ 

Theorem 1.1 and the existence of the Gurarii Banach space suggests 
to adapt these ideas in the realm of subnormed topological pseudovec- 
tor (Abelian) groups. It may be done in a few ways. One of them is 
proposed below. 

We fix r e {1, oo}, G Z+\{0}. For simphcity, denote by TV(S^(A^) 
the class of all subnormed topological PV groups which belong, as 
valued groups, to &riN) and are of class Oqq- In particular, J'V0oo(O) 
consists of all separable subnormed topological PV groups of class Oqo- 
Let us call a subnormed PV group H e CP'V(Sr(A^) of class Er{N)fin 
ii H — E{H) and H is finitely generated, that is, H — linF for some 
finite subset of H. Observe that the subnorm of a PV group of class 
Er{N)fin is bounded. 

'Gurarii-like' space in category of subnormed topological PV groups 
of class 'J'V&riN) may be defined as follows. 

9.4. Definition. A subnormed PV group (G, +, *, || • \\g) is said to be 
tr{N)- Gurarii iff the following two conditions are satisfied: 

(GPVl) (6*,+, II ■ IIg) e er{N), G is complete and the set £(G') is 
dense in G, 

(GPV2) whenever (i^", +,*,|| ■ E E,r{N)fin, K is a finitely gen- 
erated PV subgroup of H and ip: K G is an isometric 
linear homomorphism, for every e G (0, 1) there exists an e- 
almost isometric linear homomorphism H ^ G such that 
\\^{x) — %1){x)\\g ^ £ for every x & K. 

Notice that, thanks to (GPVl), every £r(A^)-Gurarii PV group is of 
class 'J'V(5r{N) (by Proposition 6.5 and Theorem 9.2). Below we fist 
other properties of them. 

9.5. Proposition. Every Zr{N) -Gurarii pseudovector group is isomet- 
rically group isomorphic to Gr{N). 

Proof. Let G be a subnormed £r(-^)-Gurarii PV group. Thanks to 
Proposition 3.9, it suffices to check that Gq = £(G) satisfies conditions 
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(QGl) and (QG2) for Q = R+. But this easily follows from Theo- 
rem 6.11 and (GPV2). (Indeed, note that the PV group G obtained 
from Theorem 6.11 may be constructed so that G e Er{N)fin-) □ 

We shall now show that every £r(A^)-GurariI PV group satisfies the 

counterpart of (UEP). Precisely, that in (GPV2) one may put e = 0. 
We can provide this by repeating the arguments of Sections 2 and 3. 
The crucial point here is that the PV groups of class £r(A^)/in have 
bounded subnorms. We start with 

9.6. Lemma. Let (D^, +, *, || • e Er{N)fin (j — l,2j and Dq 
be a finitely generated PV subgroup of Di. Let u: Dq — )> D2 and 

v: Di ^ D2 be an isometric and, respectively, an e-almost isomet- 
ric linear homomorphism (where e G (0, 1) ) such that ||m — ||oo ^ ^■ 
Then there are a subnormed PV group (G, +, *, || ■ ||) G £r(-^)/m o^'i^d 
isometric linear homomorphisms ipj: Dj — >■ G (j — 1,2) such that 
~ CLiT'd \\i>i —'4>2°v\\oo ^ where A — l-|-diam(£)i, || • ||i). 

Proof. Define D, wi, W2 and a semivalue A on D in exactly the same 
way as in the proof of Lemma 2.20. Observe that D is a PV group, A 
is a semisubnorm and Wi and W2 arc linear homomorphisms. To this 
end, let G be the quotient subnormed PV group D/X~^{{0}) and ipi 
and ■02 be the homomorphisms naturally induced by wi and W2- □ 

Now repeating the proofs of Lemma 3.7 and Theorem 3.8 we obtain 
the next two results. 

9.7. Lemma. Let G be an Lr{N)-Gurarii PV group, {H, +, *, || • \\h) G 

Er{N)fin be a subnormed PV group and K its finitely generated PV 
subgroup. Further, let ip: K — ?> G and ip: H ^ G be, respectively, 
an isometric and an e-almost isometric linear homomorphism (where 
e G (0,1)) such that — <^\\oo ^ £• For every S G (0,£) there 

is a S-almost isometric linear homomorphism ip' : H ^ G such that 
ll'^'l^ — (^lloo ^ 5 and \\i' — i''\\oo ^ Ce where C = 3 + 2 diam(_f/', || ■ \\h). 

9.8. Theorem. LetG be an E,r{N)-Gurarii PV group, let H G E,r{N)fin 
and K be a finitely generated PV subgroup of H . Every isom,etric 
linear homomorphism of K into G is extendable to an isometric linear 
homomorphism of H into G. 

9.9. Corollary. Each two subnormed Er{N)-Gurarii PV groups are 
isometrically isomorphic as subnormed PV groups. 

Thanks to Corollary 9.9, we may reserve a special symbol for a 
£r(^)-Gurarii PV group. We shall denote it (if it only exists) by 
PVG^(Ar). 

It follows from Theorem 9.2 and Theorem 9.8 that 

9.10. Proposition. Every subnormed PV group of class TV&riN) is 
embeddable into FYGr{N) by means of an isometric linear homomor- 
phism. 
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We believe PVGj.(iV) exists for every r and N. The existence of it 
for = would have an interesting application in functional analysis 
(cf. Proposition 6.4). 

9.11. Proposition. If there exists PVGr(O), there is a separable com- 
plete suhnormed topological vector space V of class CPV0r(O) which is 
universal for all suhnormed topological vector spaces of this class. Pre- 
cisely, every suhnormed topological vector space of class Oqo whose suh- 
norm is hounded by r admits an isometric linear homomorphism into 
V . Moreover, every separable metrizable topological vector space admits 
a homeomorphic linear embedding into V . 

Proof. Put 

y = {x e PVG^(O) : + s) * X = i * X + s * y for every t,se 

Equip V with the subnorm inherited from the one of PVG,.(0). We 
leave this as a simple exercise that K is a vector space (over M) when 
the multiplication by reals is defined hy tv = t*v and {—t)v = —{t * v) 
for t e R+ and v E V; and that the assertion of the proposition is 
fulfilled (use Proposition 6.4 and Proposition 9.10). □ 

Then next result corresponds to Proposition 4.7. 

9.12. Proposition. If M\N , then 

PVG^(iV, M) := {x e PVG^(A^) : M ■ x = 0} 

is isometrically isomorphic as a suhnormed PV group to PVGr(M). 

Proof. For simpUcity put G = PVGr(A^,M). We only need to check 
that the set £(G) is dense if G. Let a e G, £ > and let || • || stand for 
the subnorm of PVG^(Ar). By (GPVl), there is 6 G £(PVG^(Ar)) such 
that II a — h\\ ^ e. At the same time, according to Theorem 9.2, there 
is a suhnormed PV group (C, +, *, || ■ ||') of class CPV(Sj.(Af) which 
enlarges lin{a} and such that £(G') is dense in G' . In particular, 
there is a' G £(G') with ||a — a'||' ^ e. Now using a standard ar- 
gument of amalgamation, we see that there is a suhnormed PV group 
(D, +, *, II • 11^) and isometric linear homomorphisms ip : lin{a, ^ D 
and i/j': G' ^ D which coincide on lin{a} (we omit the details). Put 
H = lin{V'(fo),'0'(a')} C D and X = lin{V''(&)} C H. Notice that 
H G tr{N)fin and apply (GPV2) to get an e-almost isometric linear 
homomorphism ip: H PVGr(A^) for which ||6 — 97(0') || ^ s. To this 
end, observe that v^(a') G £(G') and ||a — v^(a')ll ^ 2e. □ 

9.13. Corollary. PVGr(iV) exists for each N ^ 2 provided PVG^(O) 
exists. 

9.14. Example. Let (if, +, *, || ■ ||) be a separable suhnormed topolog- 
ical PV group. Then {H, +, *, || • ||") G ^70500(0) for every a G (0, 1). 
So, as in case of valued groups, every separable suhnormed topological 
PV group may be 'approximated' by members of class CP'V0oo(O). 
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10. Concluding remarks 

In Proposition 2.18 we have proved that the Urysohn universal space 
U admits no structure of an Abelian valued group of exponent 3. At 
the same time, as it was shown in [17], U admits a unique structure of 
a valued group of exponent 2. Taking into account these two remarks, 
we pose the following 

Conjecture. For r G {l,oo}, Gr(2) is a unique (up to 
isometric group isomorphism) valued Abelian group of 
finite exponent and of diameter r which is Urysohn as a 
metric space. 

If the above conjecture was false, it would be interesting to know for 
which exponents suitable groups exist and for which exponents they 
are unique. 

Cameron and Vershik [3] have shown that the Urysohn universal 
metric space admits a structure of a monothetic valued group. Taking 
this into account, the following may also be interesting. 

Question 1. Are the topological groups Gi(0) and <Goo(0) mono- 
thetic? 

There is a fascinating phenomenom related to universal disposition 
property. Namely, the Urysohn universal space U is a unique (sepa- 
rable complete) metric space with universal disposition property for 
finite metric spaces; Goo(O) is a unique (separable complete with dense 
set of finite rank elements) valued Abelian group with universal dis- 
position property for finite valued Abelian groups and PVGoo(O) (if 
only exists) is a unique (separable complete with dense set of finite 
rank bounded Lipschitz elements) subnormed topological PV group 
with universal disposition property for finitely generated bounded Lip- 
schitz subnormed PV groups. It follows from Theorem 5.1 and Propo- 
sition 9.5 that all these three metric spaces arc isometric and both the 
above valued groups arc isometrically group isomorphic. So, in fact we 
just enrich the structure of a single space. It seems to us important to 
answer the following question with which we end the paper. 

Question 2. Do there exist the PV groups PVGi(O) and PVGoo(O) ? 

References 

[1] N. Aronszajn and P. Panitchpakdi, Extension of uniformly continuous trans- 
form,ations and hyperconvex m,etric spaces, Pacific J. Math. 6 (1956), 405 439. 

[2] S.K. Berberian, Lectures in Functional Analysis and Operator Theory, Grad- 
uate Texts in Mathematics 15, Springer- Verlag, New York, 1974. 

[3] P.J. Cameron and A.M. Vershik, Som,e isometry groups of Urysohn space, Ann. 
Pure Appl. Logic 143 (2006), 70-78. 

[4] T. Dobrowolski and H. Torunczyk, Separable complete ANR's admitting a 
group structure are Hilbert manifolds. Topology Appl. 12 (1981), 229-235. 



UNIVERSAL VALUED ABELIAN GROUPS 



61 



[5] S. Gao and A.S. Kechris, On the classification of Polish metric spaces up to 

isometry, Mem. Amer. Math. Soc. 161 (2003), viii+78. 
[6] G. Godefroy and N.J. Kalton, Lipschitz-free Banach spaces, Studia Math. 159 

(2003), 121-141. 

[7] M. Gromov, Groups of polynomial growth and expanding maps, Inst. Hautes 

Etudes Sci. Publ. Math. 53 (1981), 53-73. 
[8] V.I. Gurarii, Spaces of universal placement, isotropic spaces and a problem of 

Mazur on rotations of Banach spaces (Russian), Sibirsk. Mat. Z. 7 (1966), 

1002-1013. 

[9] G.E. Huhunaisvih, On a property of Urysohn's universal metric space, Dokl. 
Akad. Nauk SSSR 101 (1955), 607-610 (Russian). 
[10] M. Katetov, On universal metric spaces, in: Frohk (ed.). General Topology 
and its Relations to Modern Analysis and Algebra VI. Proceedings of the Sixth 
Prague Topological Symposium 1986, Heldermann Verlag Berhn, 1988, 323- 
330. 

[11] A.J. Lazar and J. Lindenstrauss, Banach spaces whose duals are Li spaces and 
their representing matrices. Acta Math. 126 (1971), 165-193. 

[12] W. Lusky, The Gurarij spaces are unique, Arch. Math. 27 (1976), 627-635. 

[13] W. Lusky, On separable Lindenstrauss spaces, J. Funct. Anal. 26 (1977), 103- 
120. 

[14] J. Melleray, On the geometry of Urysohn's universal metric space. Topology 
Appl. 154 (2007), 384-403. 

[15] J. Melleray, Some geometric and dynamical properties of the Urysohn space. 
Topology Appl. 155 (2008), 1531-1560. 

[16] J. van Mill, The Infinite- Dimensional Topology of Function Spaces (North- 
Holland Mathematical Library, vol. 64), Elsevier, Amsterdam, 2001. 

[17] P. Nicmicc, Urysohn universal spaces as metric groups of exponent 2, Fund. 
Math. 204 (2009), 1-6. 

[18] P. Nicmiec, Normed topological pseudovector groups, Appl. Categor. Struct. 
(2010), DOI: 10.1007/sl0485010-9239-7. 

[19] P. Niemiec, A note on ANR 's, submitted to Topology Appl. 

[20] S. Solecki, On uniqueness of the Gurarii space, preprint. 

[21] H. Toruhczyk, Concerning locally homotopy negligible sets and characterization 

of h-mamfolds. Fund. Math. 101 (1978), 93-110. 
[22] H. Torunczyk, Characterizing Hilbert space topology. Fund. Math. Ill (1981), 

247-262. 

[23] H. Torunczyk, A correction of two papers concerning Hilbert manifolds, Fund. 

Math. 125 (1985), 89-93. 
[24] P.S. Urysohn, Sur un espace metrique universel, C. R. Acad. Sci. Paris 180 

(1925), 803-806. 

[25] P.S. Urysohn, Sur un espace metrique universel. Bull. Sci. Math. 51 (1927), 
43-64, 74-96. 

[26] V.V. Uspenskij, A universal topological group with a countable basis, Funct. 

Anal. Appl. 20 (1986), 86-87. 
[27] V.V. Uspenskij, On the group of isorn,etries of the Urysohn universal metric 

space, Comment. Math. Univ. CaroUn. 31 (1990), 181-182. 
[28] V.V. Uspenskij, The Urysohn universal metric space is homeomorphic to a 

Hilbert space, Topology Appl. 139 (2004), 145-149. 
[29] N. Weaver, Lipschitz Algebras, World Scientific, 1999. 



62 



P. NIEMIEC 



PlOTR NlEMIEC, JAGIELLONIAN UNIVERSITY, INSTITUTE OF MATHEMATICS, 

UL. LojAsiEwiczA 6, 30-348 Krakow, Poland 
E-mail address: piotr.nieiniec@uj.edu.pl 



